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Summary. — Formulae are deduced for the determination of two para- 
meters of an emulsion track with help of the maximum likelihood 
method. The parameters are the constant of the Coulomb scattering 
and the amplitude of background noise. Numerical expressions are 
obtained for the scatter of the measured values of these constants and 
it is shown, e.g. that in case of very fine subdivision of a track the stati- 
stical error of the constants thus obtained decreases proportionally 
to N-*, where N is the number of sections. Formulae are obtained which 
are useful for the practical determination of the parameters and which 
give accuracies only slightly smaller than that obtained by the optimal 
maximum likelihood method. Graphs are provided to facilitate numerical 


computations. 


Introduction. 


The present paper deals with the determination of the scattering constant 
of high energy particles passing through an emulsion taking the background 
noise into account. 

As recently several important results have been obtained relating to the 
same problems, it does not seem to be unnecessary to make a brief compa- 
rison between our results and some of those already published (*). 


(*) The authors should like to thank Dr. DaLLaPortA and the Referee of this 
paper for drawing their attention to the papers quoted and for useful remarks. 


52 - Il Nuovo Cimento. 
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An effort to apply the maximum likelihood method to the unbiased esti- 
mation of the scattering parameter can be found in the papers of several 
authors (14). We should like to mention among these the excellent paper of 
N. SoLNTSEFF, whose paper contains in addition a short survey of the relevant 
literature. Writing down the likelihood equations (see (*) (2.10) and (2.11)) 
SOLNTSEFF, however, remarks: «... the differentiation... is unmanageable. Even 
if performed the resulting equations... would be extremely complicated so that 
an exact solution is impossible. » 

Part I of our paper indeed gives the exact solution of the likelihood equa- 
tions. For the relative standard deviations of the scattering parameters asymp- 
totically exact explicit solutions are given in the case of a large number 
of measurements. The results are plotted in Fig. 1 as functions of the noise- 
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Fig. 1. 


to-signal ratio. With help of these graphs it becomes possible to determine 
the theoretically optimal estimation of the scattering constant in the case of 
an arbitrary noise-to-signal ratio. 


Our results resemble those of MoLrèrE described in his paper (?) in so far 


as both discuss the matrix of the quadratic form for the estimation of the 
scattering constant (see eq. (4) for C® in the present paper and eq. (8.1) for Q 
J. E. Moran: Phil. Mag., 41, 1058 (1950). 

G. MOLIÈRE: Zeits. Naturforsch., 10 a, 177 (1955). 

B. D’EspaGnat: Compt. Rend., 232, 800 (1951). 

N. Soznrserr: Nucl. Phys., 6, 222 (1958). 
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in (?)). MOLIÈRE in his paper (?) using an approximate method of inversion 
tabulates some elements of the matrix of the quadratic form for certain values 
of the noise-to-signal ratio. However, no reference can be found concerning 
the question: What is the best possible value of the relative standard de- 
viation of the scattering parameter? 

In the present paper we confine ourselves to writing down the matrix C” 
in explicit form as function of the variances. However, the numerical appli- 
cation of the matrix proves to be extremely cumbersome and therefore it is 
not of interest for practical purposes, so that for practical purposes some ap- 
proximate method has to be chosen. As the best possible estimation of the 
relative standard deviation of the scattering parameter is known from the 
maximum likelihood method, the loss of accuracy when using an approximate 
method can be determined, and thus the suitability of the approximation used 
can in every case be decided and improved upon if necessary. 

In Part II of our paper a general theory of the application of approximate 
methods is worked out. For this purpose expressions containing arbitrary 
parameters are introduced to express the estimated values of the scattering 
constant; the best possible choice of the arbitrary parameters is then based 
on the maximum likelihood method. 

Finally in Part III making use of the general principle developed in Part IT 
a concrete method for the estimation of the scattering constant convenient 
for practical computation is proposed, the essence of which is the use of the 
quadratic sum and the sums of certain products of the sagittas for the esti- 
mation of the scattering constant. 

This method is rather like the one proposed by MOLIÈRE and D’Espa- 
GNAT (2). However, these authors discuss only the simplest case, when only 
DID: and SDD) is made use of for the estimation of the scattering con- 
stant, while as is the case in our paper, taking into account > D,D,;,, and 
DD D essentially improves the method. Furthermore, although we did not 
carry out the numerical computations, without difficulties our method could 
be extended so as to make use in an optimal way of sums up to > DD 
for any desired value of 1. Moreover—as was already mentioned—in the works 
quoted no information can be obtained as to the accuracy of the approx- 
imation used, while the method developed in the present paper renders a clear 
picture as to the degree to which the approximation used approaches the 
optimal case and therefore in the course of any particular computation it can 
be decided whether or not it is worth-while to improve the accuracy of the 
estimation by using a still higher approximation. 

Our first approximation is identical with the result obtained by the method of 
Molière and d’Espagnat. (Compare the expressions for z” and x} on page 833 
of the present paper with the formulae (2.36) of paper (*). Note that e.g. the 


scattering parameter a corresponds to 4o? in the notation of paper (4).) 
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We should like to remark, that our considerations are not extended to 
differences of higher order, as these can always be expressed linearly with 
the help of the second differences. Some authors consider their use important 
from the point of view of the investigations of spurious scattering. The prob- 
lems concerning spurious scattering as well as long-range distortion have not 
been dealt with in the present paper. We hope to return to their treatment 
at a later occasion. 


1. — The projection of a track on to the X-Y plane can be characterized 
by a number of points with co-ordinates X,, Yo; Xi, Yi; ---5 À; Lada Tb 
is convenient to choose the system of co-ordinates so that the track lies as 
near as possible to the X-axis and to choose the X,-values equidistant, 2.e. 


eo yO, Le SNO 
Instead of using the Y,-values themselves it is convenient to introduce sagittas 
v ? 


DEVO 


The sagittas obey a multiple Gaussian distribution (see e.g. ref. (°)), we 
may write 


i En /E —}N —} LA 
(1) P,(D) = (2x) #* (det M)* exp [3 > M;,D,D,| : 


T ‘A à y a are { ‘ € aj = N 
where the M,,, are the elements of a matrix M-1. The elements of the matrix M 
may be written 


(2) M — a) AWM + 2 À à 


ay LG Ur 2) ap ‘ tag à : 1 c at 
where a” and «®© are quantities proportional respectively to the parameters 
We oc ni pc Da = . . 
of Coulomb scattering and background noise. Using the notation of the pre- 
vious paper (5), we may write 


9 (1) — qos (2) ye È 
(3) x CA a = x} and a = db : 


(5) L. JAnossy: Acta Phys. Hung., 7, 385 (1957). 
(9) L. JAnossy: Acta Phys. Hung., 12, 139 (1960). 
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where <#*> is the expected value of the square of the projection of the 
angle through which the particle is scattered along the unit path and x is 
the scatter of the measuring error of the individual Y,-values. 

The non-vanishing elements of the matrices A® and A® are collected in 
the Table I. 


AGB TB Le 
ly — | | 0 | 1 2 | 
E a= | da 
MESSI, | 4 1 
Ay, | -| = 
o=2 | 6 | oy 1 


The elements of the positive definite matrix M are equal to the second order 
moments of the sagittas, 7.e. 


DDT nu, 


2. — According to the maximum likelihood method the measured values x 
and x‘ of the constants « and x‘ can be determined as the solutions of the 
following systems of equations: 


o In P.(D = : 
IRE: 0) for OSTERIE, pelo 

Oxo) 
Remembering (1) it is seen from these equations that the measured values 
4° (o—1,2) of the parameters x” are homogeneous quadratic forms in the 


sagittas. We may thus introduce quantities 


(0) 


(4) SODO cle. 


vu 
vu 


where the 0% form matrices C'? (o = 1, 2). 
So as to ensure that 


Cas SE ao” : o = il 2, 
the matrices C have to satisfy 
(5) Spurt CoA) "6%, Cnt ieee 


A short calculation gives for the scatters of the x” 


(6) Cda dal) = Q,, = 2 Spur (C°MCM) . 
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We have to choose the matrices C so as to minimize the scatters Q,,: 
(7) Q,; = minimum in C”. (*) 


The minimum condition (7) leads to the following system of equations 
a r 
(8) 4AMCOM_YL_A=0, 
t'=1 


where the L,, are the Lagrangian multiplicators which have to be chosen 
so as to make the solutions of (8) satisfy the auxiliary conditions (5). 

Multiplying (8) from the left-hand side by C and forming the spur, we 
find with help of (5) and (6) 


(9) ZOnE o,t=1,2. 


Inserting (9) into the equation (8) and multiplying it from both sides by M-, 
we get the matrices C in the following form: 


(10) Co — 4 > GO. Ma ASM a È 


The scatters 7,, can be obtained from eq. (10): namely multiplying eq. (10) 
from the right-hand side by A and forming the spur, we get with help of (5) 


(11) 4 Spur Si Qo MAMA = 6 


ille | 


on 


Thus if the Q* (0,7= 1,2) denote the elements of the inverse of the matrix Q 
with the elements Q,, (0,7 =1, 2) from (11) it turns out that 


— 
a 
bo 

— 


Qu = à Spur (MAMA) . 


Evaluation of (12) will lead to the scatters of the x defined in (6). 
It follows from (2) and (12) that the où are homogeneous expressions in 


the a‘ and x. Introducing thus 


(13) y=a®/x0 and FG= aa, 


* À +: F7 
(‘)} Condition (7) can only be postulated for one value of the suffix 6. However 
> 


as it turns out the solution obtained for a fixed value of o automatically Satisfies (7) 
for both Q,, and Qo. ; 
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7 1 pa. F 1 * 
we can introduce functions g7,(Y) so that 
* Tk ‘ 2 
(14) Q = Na (y) [20 . 


With help of (2), (12) and (14) we find the following connections between the 
functions q-(y): 


Go) = 0) 
Gio(Y) + Yo (Y) == Spor (PA). o= 1,2, 
dy) + 2ya,(y) + yay) =1, 
where we have written 


(15) M/x® — AY a yA” = IP. 


Instead of (12) we can write 


(16) dÈ (4) = n Spur (PuAOPIA®) ’ 


So as to evaluate (16) we introduce two matrices E and F with elements 


2 for |y—p|=0, 
TS) Pi = l'ion |v=u|=t1, 


0 for |p—u|>1. 


The matrices A® and A‘ can be expressed in terms of E and F. One finds 
with help of the table for the 47 


VIL 
Av = 6E-F, 


(17) | 
Ro = F2 + F, À 

where F, is a matrix which has only two non-vanishing elements in the cor- 

ners. It can be shown that neglecting F, in the expression (17), thus sup- 

posing A® = F2, we commit errors only of the order of 1/N in the final result. 

Neglecting F, we may write 


P — 6E—F + yF’. 
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To evaluate (16) numerically, we note that the spur of a matrix A can also 


be written 


N 
SpunA STAR, 


k=1 
where the A, are the eigenvalues of A. Introducing the notation 
(18) PA PAT = Re” ; 
we have thus 


de À 


i ive 


al 
GAY) = N, 


where the °° denote the eigenvalues of the matrix R‘°°. Neglecting the 
matrix F,, the matrices A®, A® and P are commutable and thus in the ex- 
pression (18) the order of factors may be changed. Thus we may write e.g. 


Rov = (6E — F)2/(6E — F + yF?)? 


In general we can write 


(or) 
R a Tonk) i 
The eigenvalues of R°° thus can be determined from the eigenvalues 7, of F: 


RY? = la). 


It can be shown easily (7) that 


thus 


N À 
(19) Gér(y) = I Riso — sa ST È — 2 cos ee | i 
| | NALI 


If N>. 1, only errors of the order of 1/N are committed if we replace the 
summation in (19) by integration. We thus obtain 


I 
” 


‘ 1 
Ge(y) = = [re — 2 cos 2) dz + o(1). 
0 


(") See e.g. E. PascaL: I Determinanti (Milano, 1897). 
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Carrying out the integration into z, one finds 


1 1 +3 COS 2 \2 
ape YU) = — È - — 2 E si 2 
ae all + y + (£— 2y) cos 2+ y cos? 4 aah 
0 
FORO | aay pe mea 
(1 + y + (4— 2y) cos 2 + y cos? 2) ee 
0 


L 1 — cos 2)? 
a È STI 
1+y + (4— 2y) cos 2 + y cos? 
For the second order central moments of the «°° one finds with the help 
of (6) and (14): 
(20) COR da) = 20084, (9)/N , 


where q,,(y) are the elements of the inverse of the matrix g7,(y) (o,7=1, 2). 
After evaluating the above integrals we get the following formulae for q,,(y): 


u(y) = s VEFV(E 4 2} — BEL — 15E3— 9E2 4+ 9E "Acte 

DU 3844 9854 7884 OE 4 12 — 24/6 EE HI) VE +2” 

duly) = - (43 +4(@2— 3)? | SP 
“ DALBE + 98° + 7824 DE + 12— 24/6 E(E + 1)2VE + 2} 


il 
es i == TE: + 96 


where 
Le orme 


The functions g,,(Y) are plotted in Fig. 1 
With help of (20) the relative scatters of the 


uditori ==: 


x can be obtained. One 


(21) vi CRD > Fal = (29 (N, 


where 
my) = EMME TY) - 


In case of practical application, in the right-hand expressions of eq. (21) 


the unknown true values of «” or y must be replaced by their measured 


2137 


826 L. JANOSSY and P. ROZSA 


values x or 7 so as to obtain a numerical estimate. In the following we 
shall replace the true values by their measured values in all those expressions 
where such an approximation is rendered necessary for the practical appli- 
cation of the formulae. 


3. — The function q,(y) is plotted in Fig. 1. In the case when the back- 
ground is known to be negligible, the relative scatter is given by the following 


expression: 

9 \# 
90 ZS (1) 2\4 POSA (per LOT (ONE 
(22) C (da)? >2/ oD — (x) 1602 QE 


Comparing (21) with (22) it is seen that the function q,(y) is a measure of 
the loss of accuracy which is caused by the background noise. 

Eq. (21) gives the relative scatter 7, of x? in the case where both gz? and x® 
are determined simultaneously from the sagittas D of the track. 

If the background noise x® can be estimated by independent measurements 
on other tracks, then the accuracy with which «” can be determined is 
somewhat larger. Indeed, one finds 


= (2/N G9)’ 5 


if x is determined by independent measurement. 

If « is not known as the result of independent measurements, 7.e. if x” 
and x are both to be determined from the sagittas D, information on the loss 
of accuracy is given by 


Py) = my ay) = 1/1 — ET) - 


We have plotted p(y) in Fig. 1. 
It is interesting that 


p(0) = 1.7561 ..., 


thus the two-parameter method gives a smaller accuracy for «” than the one- 
parameter method, even if the two-parameter method has led for the other 
parameter to the result 


a & 0. 


It turns out that even in this case, i.e. in the case where the existence of a 
background cannot be ascertained from the measured data in a significant 


manner, the uncertainty concerning the true value of x® affects the accuracy 
of the value of xD. 
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bo 
1 


4. — It is of interest to investigate the increase of accuracy which is ob- 
tained if the number N of co-ordinates measured on à given track is increased 
by subdividing the track into sections of smaller length. 

Considering a track of length X, we have 

SIN 
and from (3) and (13) we find 


y = cav — NB, 
where 
RARE 
We find from (21) 
r= (2du(N*p)iN)?- 


The above equation can also be written 


where 


(23) r(2) = du (2*)/2 with <= Nf. 


In Fig. 2 we have plotted r(z) as function of 2. The function r(z) is a decreasing 


(=) 
N 
w 
sr 
on 
(ez) 
N 
IN) 
wo 
= 
Oo 
a 
e 
= 
N 
=. 
w 
= 
= 
on 
Les 
= 
a 
= 
N 
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function of its argument; from this it follows that the scatter of x decreases 
monotonously with increasing N, i.e. with increasing subdivision of the track. 
The latter result is to be expected. Indeed, the more co-ordinates we measure, 
the more information we obtain about the track and consequently the more 
accurate measured parameter values can be obtained. 

From the analytical form of 4,(y) it follows that 


(24) duly) — È E y>b 


thus from (23) and (24) follows 


rio N* if N is large. 


We see thus that the accuracy of # increases only proportional to the eighth 
root of the number of points measured. That means if the subdivision be- 
comes very fine, that the increase is very slow and therefore it does not seem 
worth-while to use too fine a subdivision. 


DIE 


5. — Although the eq. (4), (10), (12) in principle permit to determine the 


(0) 


measured values x‘ of the parameters x”, the procedure is cumbersome and it 
appears useful to look for other expressions for measured values of x‘? which may 
be determined more conveniently than those defined by (4) and which at the 
same time have not much larger scatters than the former ones. 


We may thus introduce quantities 


(25) ao Der o = 39; 


vu 


(0) 


vi are the elements of the matrices V and V™; we have to choose 
these matrices in such a way that the expected values of x (co = 1,2) are 
equal to the parameters «”, the scatters of x should not much exceed the 
scatters of x” and the numerical evaluation of the x should not be too 
complicated. 


where the w 


It is reasonable to express the elements of the matrices V' in terms of 
a small number of arbitrary parameters and then to determine these para- 


meters so as to minimize the scatter. One obtains simple expressions if one 
chooses two sets of arbitrary parameters 


Dodane sae 


Dos di; teeny Dis 
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and supposes the vu to be linear functions of these parameters. Thus it is 
convenient to put 


U 
(26) VO = ¥b,,6", o=1,2, 
A=0 


where the matrices G” are arbitrary. So as to ensure that the expected values 
of the x should indeed be equal to «” we have to choose the coefficients 
b,, (A= 0,1, 2,..., 1) so as to make the V™ satisfy the conditions correspond- 
ing to (5): 


(27) Spur (VA) = 6 


Dd PRE ee, 
and further so as to reduce the scatters Q,, to a minimum. Here 
(28) OMR) Spur (Vo MV eM )s. 

Introducing (26) into (28) we may determine the b,, from the requirement 


9 der, te o 
(29) OM minimnny it 0, 0. 


The auxiliary conditions (27) can be written 


l 
(30) Dore (ODI 0, DU 
A=0 
where 
(31) T,,= Spur (G?A°). 


The minimum condition (29) leads to the following system of equations: 


[A 2 
(32) 4 > Spur (G°MGM)b,,— > 7,,,=9, o=1,2; 4=0,1,..., 1, 
t=1 


4=0 
where the L,, are the Lagrangian multiplicators. 
6. — It is convenient for the further calculation to introduce the rectan- 
gular matrices T and B with elements 7,, and b,, respectively (c=—1, 2; 
A=0,1..., 1). Further we introduce a square matrix S with elements 


(33) S,, = Spur (G?PGP) , = 


(see (15) for the definition of P). 
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In the above notation the auxiliary condition (30) may be written 
(34) BI=E, 
where B is the matrix transposed to B and E signifies the unit matrix of 
2-nd order. 
With help of (33) we may write instead of (28) 


(35) Q = 2. ”"BSB. 


The minimum condition (32) may be written 


(36) i SB TL — 0, 

where L is the matrix with elements L,,. Multiplying (36) from the left by 
B we find with help of (34): 

(37) L = 40” BSB. 

Inserting (37) into (36) results in 

(38) SB — TBSB. 


Eq. (38) determines B: namely, multiplying (38) from the left by S- (the 
matrices G® are to be chosen in such a way that the inverse of S exists), we find 


(39) B — S 'TBSB. 


Multiplication of (39) by T (the matrix transposed to T) again from the left 
leads with the use of (34) to 


E = (TS :T)(BSB). 


If the matrices G” are chosen so that the columns of the matrix T are linearly 
independent, the matrix Ts'T of 2-nd order is invertible, so we have 


(40) BSB = (TS"T)". 


Inserting (40) into (39) and (35) respectively, we find 


(41) B= S*T(TS“T)2, 
(42) Q = 2a (TS AT), 
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Thus the scatter can be expressed in terms of the matrices T and S without 
explicit use of B. 


TIE 


7. — We discuss presently how to choose the matrices G so as to obtain 
procedures which can be recommended for the practical determination of the 
parameters x”. 

It seems to be reasonable to try to express the x as linear combinations. 
of quadratic expressions in the sagittas, thus using expressions 


Nn-A 


il 
(43) dA = Ne > D, D, : 
4 V p=1 


Defining the matrices G” by supposing their elements to be given by 
(44) Ge Or ae Omen) 21 7h AV hy Dp RE EN 


the expression (25) may be written 


U 
(45) dI 
A=0 


where the d” are the quantities given in (43). Instead of (45) we may also 
write 


L 


(46) m= Da, 


A=0 


where the suffix / refers to the number of parameters used in the procedure. 

Introducing (44) into (33) we obtain the elements of the matrix S as 
function of y= «/«?, similarly we obtain from (31) the elements of the rec- 
tangular matrix T. The latter quantities depend on /, the degree of approx- 
imation, but not upon y. Introducing the matrices T and S thus obtained 
into (42) we find the scatter of the coefficients as function of y and of the 
order 1 of the approximation. 


8. — In particular, for the scatter of the measured value of the physically 
important parameter x we find an expression of the following type: 


(47) (OR) ot we (2G%(Y)/N)? . 
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The functions g%(y) have been computed in the way described above and are 


plotted in Fig. 3 together with the corresponding function qu(y). 


0 + | T | 


17 


The functions q0)(y) represent the loss of accuracy of the determination 
of x‘? because of the background noise together with the error incurred by 
using the expression (46) for the measured values instead of eq. (4) and (10) 
given by the maximum likelihood method. 

As we see from Fig. 3, g?(y) decreases with increasing / and 


(2) 


di1(Y) > nly) 


holds for all values of y and J, as it must be, as the maximum likelihood method 
gives the smallest possible scatter. 

As can be seen from Fig. 3 the loss of accuracy when using approximate 
methods is not very large, unless y is large, i.e. unless the background noise 
exceeds the Coulomb scattering. 


DI 


9. — In Fig. 2 we have plotted r(z) = q,(2*)/2 together with the functions 


Unlike r(z) which decreases monotonically with + the functions r(z), 1=1, 2, 3 
show minima for certain values of + and rapidly increase for large values of 2. 
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From this behaviour of the functions r(z) we conclude that using the approx- 
imate determination (46) of the scattering parameters, a given track should 
not be subdivided into too small sections. The subdivision, where the signal- 
to-noise ratio y corresponds to that value of ¢ for which r?(z) has its minimum, 
gives the best result. It is seen that already for /=3 the minimum of r°® (2) 
is not very marked which means that it is not essential to use exactly the best 
subdivision. 


10. — For the practical evaluation of a set of data we have thus to com- 
pute from the sagittas obtained from a track quantities 


(0) (1) (1) 
EO ae Oa eat yo 


according to (43). Using these quadratic expressions we can compute meas- 
ured values x” and x. The larger /, the better we approximate the maximum 
likelihood method and thus the smaller the scatter of the measured values 
thus obtained. 

Since we have to determine two parameters, we have to use at least two 
quadratic expressions. In case of 1=1, the coefficients b are uniquely de- 
termined already from the auxiliary conditions alone and we find thus 


a 1 ! 
a, = — (44,4 64), 


TO TT 


(1) 


The scatter of x” can be obtained with help of the function q} 


; (y), where we 
may put 


(48) y~ Fa Rx . 


11. — Better approximations x, x”, ... can be obtained when using expres- 


0.4 = Se ie = Her] 
(2) 
03 by i 
a Aa] 
do | By, (y) 
(2) 
o1 b,,(4) 
0 | PI AAA AT AO a IA + À QU i 
-01 | | 
-02 ae =) a | 
Fig. 4. 


53 - Il Nuovo Cimento. 
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sion (46) for {> 1. The coefficients bj) can be determined numerically with 
help of (41) using the numerical values of the matrices T and S which, as 


02 7] fe 


0.1 


already mentioned above, can be determined numerically introducing (44) 
into (31) and (33). Since the elements of S depend on y, the coefficients bY? are 


EN EE 
r| | | 


03 


02 


a 


ee AS 


also functions of y. In Fig. 4-7 the coefficients b(y) as functions of y are 
plotted: for A == (0, Lee 2 


The eq. (46) can be solved by a graphical procedure, i.e. the equation 
(49) (y) (y) = y 


has to be solved graphically. The solution of (49) can be taken to be y, the 
measured value of y. Inserting this value into (46) and (47 ) we determine the 


(0) 


parameters x” and their scatters. 


* à ETA E 4 RA Ù * bid SE 

(*) The original graphs were executed with’ sufficient accuracy so that the values 
taken from them can be used for [practical work. We shall be pleased to send them 
on request to anybody interested. 
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0.2 


Fig. 7. 


12. — Instead of evaluating the expressions (46) over a wide range of values 
of y, one may use the value obtained from (48) for y as a first approximation. 
This can then be improved by solving (49) using Newton’s method. 

For this purpose we may write the eq. (49) in the form 


(50) ya (y) — RE (y) = 0. 


According to Newton’s method we have the following recurrence formula for 
improving the approximations of the root of eq. (50): 


Yeon (y) ar 
ya ara Yio tn) 1 (Ur) = 


a (yn) + Yx((4/dy) a(y)),, — ((d/dy) &?(y)),, à 


RIASSUNTO (*) 


Con l’aiuto del metodo della massima verosimiglianza, si deducono formule per 
la determinazione dei due parametri di una traccia in emulsione. I parametri sono la 
costante dello scattering coulombiano e l'ampiezza del rumore di fondo. Si ottengono 
espressioni numeriche per la diffusione dei valori misurati di queste costanti e-sì mostra 
che, per esempio, nel caso di una suddivisione molto minuta deila traccia l'errore 
statistico nelle costanti così ottenute decresce proporzionalmente ad N-*, in cui N è il 
numero di sezioni. Si ottengono formule che sono utili per la determinazione pratica 
dei parametri e che danno approssimazioni solo di poco inferiori a quelle ottenute col 
metodo ottimale della massima verosimiglianza. Si danno dei grafici per facilitare i 
calcoli numerici. 


(*) Traduzione a cura della Redazione. 
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Résolution électronique analogique de problèmes statistiques 
d’accumulation poissonnienne. 


G. BIZARD et J. SEGUINOT 


Laboratoire de Physique Corpusculaire de la Faculté des Sciences - Caen 


(ricevuto il 9 Dicembre 1960) 


Summary. — In many a problem, we are driven to consider the sum of 
«small elementary effects». The probability of obtaining the value x 
of an «elementary effect» obeys a statistic law p(x). The law of 
accumulation of the «small effects» is a Poissonian distribution. Last, 
the law of «total effects » > 2; is the only one which can be perceived 
directly. The analogic machine which is described in this article has 
been conceived in order to resolve such problems (Galliher’s process, 
met in the multiple scattering of particles for example), in a wholly 
electronic way. The precision of this machine which practically depends 
upon the abundance in statistics only, can reach 3% when 10000 values 
are examined. 


1. — Introduction. 


Dans de nombreux problèmes, on est amené à considérer la somme de 
petits «effets élémentaires ». La probabilité d’arrivée de la valeur æ d’un 
«effet élémentaire » est régie par une loi statistique p(w), la loi d’accumulation 
des «petits effets » est une distribution poissonnienne, enfin la loi des «effets 
totaux » .Y x est la seule directement perceptible. 

i n AAGanA AIT à I DE = 39 A 

Ce processus de Galliher intervient par exemple en scattering ou l’on dé- 
finit un angle de scattering subi par une particule traversant une épaisseur ¢ 
de matière comme la s ’angles : ri i 

somme d’angles de «scattering simple » qu, @2, 3 Yn; 


la loi poissonnienne d’accumulation étant une fonction de t, de la nature des 
particules de la cible. 
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2. — Principe théorique. 


Mathématiquement, le processus est le suivant: (probabilité d’obtenir un 
effet final compris entre 0 et 0--d0= (probabilité d’obtenir un effet élémen- 
taire y= 0) x (probabilité pour qu'il n’y ait qu’une déviation) + (probabilité 
d'obtenir deux angles g, et y,, tels que g, + g,= 0) x (probabilité pour qu'il 
y ait deux déviations) + (probabilité pour qu'il y ait n effets élémentaires 
Pis Pay +) Yn tels que > p= 0) X (probabilité pour qu'il y ait n déviations). 

La loi de l'effet élémentaire étant p(x), la probabilité pour que mg +q:+ 
+ … on — 0 est régie par 


+00 i +o 
pio: 
Pad) = I [g(4)]" exp [iby] dy , ou ply) = [eter exp [— tay] da . 
On obtient done 
+00 
12 xp [— k] k 
PUG) == Prob. pb) on > four STAGE exp [#0y]dy , 
0#0 aU n=1 n. 
see 
exp [— k b 
PO) =P [exp [kp(y)]— 1) exp [iow du 
#0 Lil 
SE MU 
P(0) = exp [— k] + = | (exp [kg(y)]— 1) dy, 


— © 


k est le nombre moyen de la loi de Poisson. 

Lorsque p(x) a une forme analytique compliquée ou lorsqu'il n’est connu 
que par une courbe obtenue point par point, le calcul formel est souvent très 
ardu. Il peut donc être intéressant de réaliser une analogie du phénomène 
à l’aide d’une machine du type dit de « Monte-Carlo » de façon à obtenir expé- 
rimentalement une distribution statistique homologue de P(0). 

On sait que si l’on porte sur un système d’axes Oxy une courbe 


y 


x = [ray , 


—o 


ou p(y) est une loi de probabilité différentielle, la probabilité pour qu'un 
tirage effectué au hasard sur le segment (0, 1) de l’axe des 7, amène une valeur 
comprise entre y et y+dy, est proportionnelle a p(y). 
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Supposons done que p(y) soit notre loi de « effets élémentaires », et que 
les tirages au hasard émanent d’une source poisonnienne de paramètre constant 
dans le temps. Il suffira de sommer les valeurs données pour chaque tirage 
pendant un intervalle de temps constant, et tel que le nombre moyen de tirages 
pendant cet intervalle de temps soit égal au nombre moyen du processus pois- 
sonnien (accumulation de la loi cherchée (nombre moyen de scatterings simples, 
dans le cas du scattering), pour réaliser le probleme homologue et déduire sta- 
tistiquement la loi de probabilité finale. 


3. — Principe expérimental. 


La loi intégrale de probabilité élémentaire étant tracée sur l'écran d’un 
oscilloscope, le principe est d’en analyser l'amplitude à des intervalles de temps 
qui sont distribués suivant une loi de Poisson. Le balayage de l’oscilloscope 
étant réglé suivant l’axe des abscisses, une impulsion à temps de montée 
linéaire est envoyée sur les plaques verticales suivant cette loi. Il suffit de 
mesurer l'intervalle de temps entre le début de l'impulsion et l’instant ou elle 
atteint la courbe tracée sur l’oscilloscope, pour avoir l’amplitude de la loi de 
probabilité élémentaire. Il est évidemment nécessaire que le temps de montée 
maximum de l’impulsion ne dépasse 
pas une fraction acceptable de la 
SL NT Cr Ven e ne vitesse de balayage. 

Évènements “positifs,, | La mesure de cet intervalle de 
temps est alors déterminée en mo- 


e— Partie utile de l'écran du 517A—+t Y 


Évènements “négatifs, dulant cette « porte » par un géné- 


rateur d’impulsion à récurrence aussi 


I 
i 
i 
| 
| 
| 
i Cars 7 “levée que possible. 
ie VISA 1/100 de s i > On dispose d’une impulsion en 
créneau []_] synchrone du balayage 

e x et de même durée (largeur totale 
1/100 de seconde). On peut régler à 
volonté dans cette impulsion en 
créneau le rapport des durées des 
parties positives et négatives, tout 
en laissant la largeur totale constante. Cette impulsion ne servira que pour 
certains types de lois de probabilité ou il faudra distinguer entre évènements 
positifs et évènements négatifs: exemple le scattering, ou il peut se produire 
que deux angles de scattering simple soient d’amplitudes égales mais de signes 
opposés, ce qui conduit à un résultat global nul. 

Pour traiter de tels problèmes, il suffira de centrer le point de bascule- 
ment du créneau sur l'évènement 0 de la courbe de probabilité (Fig. 1). 


| 


Impulsion en creneau 


Fig. 1. - Centrage de l'impulsion en créneau. 
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4. — Dispositif expérimental. 


Le bloc diagramme très schématique de Vélectronique est donné par la 
Fig. 2. 


Oscillateur 5 
Source &% AVP Ampl.H 
radioactive FL SS AVP 4608 


® 


Gener. ‘Porte, 
largeur et posi. 


2 


tion réglables 


Trigger ext. oscill. 
517 A 


— 


> 
Diodes de | 
Gener. du — 
crénéau composante 
A 
ti 
Y K 
Poire me 
pretemps : Impulsion Y 
m AUG d ‘analyse, synchr. 
X | SI7TA |X2 Trigger ext. 
“is ei 
4 signal synchr. Yo y 
Y de impulsion Y 
© Circuitde se 
Echelle de coincidence Frome ps 
comptage 
6 BNE ay jupe . 
! = na fee 
te Honostab 
Lo tus | ins | A negatif 
photographique 
DE 
y mt 
: 
Echelle de e Echelle de 
ci 
egg — ~ 
Genérateu 
{MHz 
Fig. 2. — Bloc-diagramme de l’électronique. 
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Nous avons utilisé un oscilloscope Tektronix 517 A bien adapté à notre 
problème, car la rémanence de l’écran bleu est faible. Pour pouvoir utiliser 
la plus grande partie de Pécran, nous avons été amenés à choisir un rapport 
assez grand entre la durée de la dent de scie horizontale et celle de l’impulsion 
verticale, une correction étant néanmoins faite en tracant la loi de probabilité 
élémentaire en coordonnées obliques. 

D’autre part, la durée de l’impulsion verticale devait étre assez breve pour 
que le temps mort introduit n’amène pas de perturbations notables dans la 
la loi de Poisson, et assez longue pour que la porte modulée par un générateur 
périodique donne une mesure suffisamment précise. Comme nous ne dispo- 
sions pas de générateur périodique de fréquence supérieure a 1 MHz, cela 
nous a conduit à choisir une durée totale de 300 us pour l’impulsion verticale. 
Il fallait done prévoir un balayage d’une durée voisine de 10 ms (défini par 
le générateur base de temps A), et comme le balayage le plus lent du Tektronix 
n’atteint qu’une durée totale de 300 us, nous avons dû construire un générateur 
externe, de balayage. 

Ce générateur du type Boot-strap délivre deux dents de scie symétriques 
d’amplitude 350 V et de durée 10 ms, qui vont attaquer les plaques de dé- 
viation horizontales de l’oscilloscope. 

Le balayage interne de Voscilloscope qui délivre, par déclenchement exté- 
rieur, l’impulsion de mesure, a été transféré des plaques de déviation horizon- 
tales, aux plaques de déviation verticales. Nous avons dù pour tenir compte 
de la différence de sensibilité entre les deux couples de plaques de déviation, 
ne prélever qu’une partie de ce balayage et pour cela fractionner les charges 
des tubes de sortie des deux dents de scie symétriques (nous ne pouvions uti- 
liser un pont diviseur compensé sous peine de perturber le fonctionnement 
des diodes de restitution de la composante continue, et d’introduire par con- 
séquent une fluctuation importante sur l’ordonnée du départ sur l’écran de 
l’impulsion verticale). 

Ces impulsions verticales sont déclenchées par la source poissonnienne. La 
source poissonnienne est constituée par un photomultiplicateur 56 AVP re- 
gardant un scintillateur plastique excité par une source y. Les impulsions 
du 56 AVP sont ensuite amplifiées par un amplificateur Hewlett-Packard 460 B, 
puis mises en forme par un discriminateur 10 MHz. Nous avons en effet con- 
staté qwune électronique rapide permettait d’obtenir une répartition des 
impulsions plus proche de la loi de Poisson, lorsqu'il s'agit de fréquence moyenne 
faible. 

Les impulsions poissonniennes sont alors envoyées sur le Trigger de l’oscil- 
loscope à travers le gate 1. Ce gate est destiné, d’une part à empécher les 
impulsions verticales d’arriver pendant le retour du balayage H, d’autre part 
a amputer les extrémités de ce balayage H de façon à ne conserver qu’une 
partie suffisamment linéaire de la montée de la dent de scie. Une impulsion 
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synchrone du départ de la dent de scie excite un univibrateur de retard dont 
la largeur est égale à la partie à éliminer au départ du balayage; on se sert 
ensuite de la retombée de l’impulsion carrée de cet univibrateur pour exciter 
un second univibrateur de retard dont l’impulsion carrée de durée égale à la 
partie linéaire utile de la dent de scie commande l'ouverture du gate 1 (cir- 
cuit B). 

L'écran du tube cathodique de l’oscilloscope est regardé par un photo- 
multiplicateur RCA 5819, à travers un négatif photographique dont une bande 
transparente épouse la forme de la courbe à étudier, cette courbe doit évidem- 
ment être positionnée avec précision. Chaque fois qu'une impulsion pois- 
sonnienne arrive sur le Trigger de l’oscilloscope, une impulsion synchrone du 
départ du balayage vertical est envoyée pour ouverture, d’une part directe- 
ment sur le gate 2, d’autre part sur le gate 3 après sélection par un système 
de coincidence (circuit C) des impulsions tombant pendant la partie positive 
du signal créneau. 

Les gates 2 et 3 recoivent en permanence des impulsions périodiques de 
fréquence 1 MHz. Ces deux gates sont refermés par l'impulsion délivrée par 
le PM 5819 lorsque le spot passe devant la courbe. Les échelles 2 et 3 placées 
respectivement derrière les gates 2 et 3 enregistrent donc pour n impulsions 
poissonniennes : 


— Pour l’échelle 2: la somme 8S, des amplitudes de la courbe aux ab- 
scisses d’arrivée des n impulsions. 

— Pour l’échelle 3; la somme $; du comptage de l’échelle 3 se rapporte 
aux impulsions qui sont tombées dans la partie positive du signal en créneau. 

D’autre part, le spot de l’impulsion ne démarrant pas exactement sur l’axe 
des abscisses de la courbe, mais en dessous, nous devons soustraire au comptage 
correspondant à une impulsion verticale un nombre constant «a» pour ob- 
tenir l’amplitude effective de la courbe au point d’arrivée de cette impulsion. 
Il faut donc compter: 


— le nombre total n d’impulsions; 
— le nombre p d’impulsions arrivant pendant la partie positive du créneau- 


Le comptage S,— pa donne alors le résultat intégré des évènements élé- 
mentaires positifs, alors que le comptage S, — n donne le résultat total sans 
distinetion du signe des évènements. 

Le resultat exact compte tenu du signe des évènements sera donc: 


28—S,—-2pa+ na. 


Dans le cas ou tous les évènements sont nécessairement de même signe, le 
résultat de l’intégration sera donné directement par S,— na. 


(we 
re 
bo 
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Enfin nous disposons d’un système de présélection (circuit D) qui permet: 


— Soit de fonctionner en prétemps, en sélectionnant un temps de fonction- 
nement 7 multiple de la durée du balayage horizontal, le facteur de multi- 
plicité étant compris entre 1 et 10000. Il suffit alors de régler l’intensité de 
notre source poissonnienne de façon à ce que le nombre moyen d'évènements 
arrivant pendant le temps 7 soit égal à la constante k du problème à étudier. 


— Soit de fonctionner en précompte, en sélectionnant le nombre d’impul- 
sions verticales sur lequel sera faite Vintégration. 


5. — Tests préliminaires. 


Nous avons testé la linéarité du balayage horizontal et de l'impulsion ver- 
ticale: ces deux impulsions ont été trouvées linéaires à moins de 1%, près. 


Amplitude U.A. 


250 


200 


150 


Position U.A. 
(0S 
0 10 20 
Courbe 1. — Test préliminaire: comp- 
tage en fonetion de la position d'une 
impulsion verticale d’exploration. Les 
points expérimentaux se répartissent 
pratiquement sur la courbe théorique. 


6. — Tests de principe. 


Nous entendons par là que la valeur 
quadratique moyenne de l’angle de la 
montée de l'impulsion avec la direction 
moyenne de cette impulsion est inférieure 
à 0.01 radians. Nous avons enfin cherché 
à ausculter dans un test plus général les 
qualités globales de l’appareillage électro- 
nique, de façon à décompter les erreurs de 
mesure et de méthode. Nous avons pour 
cela exploré une courbe fixée sur l’écran 
de l’oscilloscope avec une impulsion ver- 
ticale unique dont l’abscisse pouvait être 
réglée à volonté. La courbe résultante 
(nombre de coups filtrés par le gate en 
fonction de la position de l'impulsion 
verticale) s’est trouvée coïncider avec la 
courbe de départ, avec une précision infé- 
rieure a 1% (courbe 1). 


Nous avons testé l'appareil en lui soumettant la courbe p(w) = exp [— a]. 
La courbe théorique attendue était alors 


P(0) = 2x exp [— 6] Vi I,(2Vk0), 
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I, étant la fonction de Bessel modifiée de première espèce, et k le nombre moyen 
de la loi de Poisson. 

Nous avons choisi K= 9, et tant pour éviter les fluctuations dùes à la 
dérive dans le temps de la fréquence 
de notre générateur, que pour facili- Si 
ter le dépouillement des résultats, 
nous avons opéré en précompte. 


Nous avons calculé les fréquences 
théoriques d’arrivée de 1,2,3,n évè- 
nements pour une loi de Poisson dont 
la constante est k— 9, puis déclen- 
chant notre système de prétemps, 
non plus avec des impulsions syn- 


chrones du balayage horizontal, mais 


par les impulsions verticales  elles- Amplitude U.A. 


mémes, nous avons effectué pour 0 20 40 60 

‘ha Æ Teles 2, + "È- : 4 

MEGLIO ITE BE 2D rif i TU iow: Courbe 2. — Histogramme expérimental 

compte un nombre de relevés propor- groupant 2700 tirages. On a représenté 

tionnels aux fréquences calculées. en pointillés, la courbe expérimentale la 
Nous avons relevé cing histo- mieux adaptée, et en traits pleins, la 


‘ Lg À 30 dd vj ) (exe ù . 
grammes comprenant chacun 2700 eer QE 


points distribués en 50 canaux. 
Si nous définissons l’erreur avec laquelle une courbe approchée y = f(x) 
s’écarte de sa représentation idéale g(x) par 


+ 
[| f(x) — g(a) | de 


= 0/ 
ne 0 


Lao 
1g(æ) |dæ 

-% 
La courbe la mieux adaptée construite sur l’histogramme total groupant 
tous nos résultats (soit 13 500 points) 
VOIR ne s’écarte pas plus de 3% de la 
courbe théorique (courbe 3). Pour 
une courbe groupant 2700 points, 
cette précision est de l’ordre de 7%, 


250 (courbe 2). 


COUNTER = S60 06 courbe expérimentale 

obtenue par lissage d’un histogramme 

groupant 13 500 valeures. —-— courbe 
théorique. 


dn 


Compte tenu du test global évoqué plus haut, les écarts constatés entre 
les courbes expérimentales et théoriques semblent done devoir étre attribués 
principalement aux erreurs statistiques. 
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RAS TS UN TOs) 


In molti problemi siamo portati a considerare la somma di « piccoli effetti elemen- 
tari». La probabilità che si ottenga il valore « di un « effetto elementare », è regolata 
da una legge statistica p(x). La legge di accumulazione dei « piccoli effetti» è una distri- 
buzione poissoniana. Infine, la legge degli « effetti totali » x x è la sola che può essere 
percepita direttamente. La calcolatrice analogica, descritta in questo articolo, è stata 
concepita allo scopo di risolvere problemi di questo tipo (per esempio, il processo di 
Galliher, che si incontra nello scattering multiplo di particelle) in maniera completa- 
mente elettronica. La precisione di questa calcolatrice, che in pratica dipende solo 
ar He di dati statistici, può arrivare al 3%, quando si elaborano 10000 
Valori. 


* Dl Q 
(*) Traduzione a cura della Redazione. 
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Instituto de Fisica Teorica - Sao Paulo 


(ricevuto il 10 Gennaio 1961) 


Summary. — A new model of «-decay is presented which is consistent 
with such «-reactions as (p, x). Both the «-decay and the direct x-reaction 
suggest that with a certain probability «-particles exist in the nuclear 
surface. According to the current theories of «-decay the « formation 
probability turns out very small of the order of magnitude 10-4 while, 
from the analysis of (p, «) reactions the « probability is estimated to 
be of the order of magnitude of several times 0.1. Although there may 
be some difference in the physical meanings of the x probabilities in the 
two cases, there are enough reasons to believe they are of the same order 
of magnitude. In our model «-particles are assumed to be constantly 
formed within the nuclear matter and to go out into the nuclear surface 
where most of them are reflected back or destroyed and some of them 
go out into the outer space. Besides this specific mechanism, we have 
made use of as much experimental data as possible and we have 
succeeded to solve the above mentioned discrepancy and to explain some 
systematic tendencies in the «-decay isotopes on a unified basis. 


1. — Introduction. 


At first sight the «-decay might seem too old fashioned to find in it some 
important problem. The purpose of this paper is to point out that this is 
not always the case. Although, for instance, the shell theory of the nucleus 
has been so well developed that it has now become possible to treat and pre- 
dict very detailed properties of excited nuclei, we have still very little knowl- 
edge concerning interparticle correlation or clustering in real nuclei. The 


(*) On leave of absence from Tokyo Institute of Technology. 
(**) On leave of absence from Tokyo University of Education. 
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nucleus is a system of many but finite number of particles, and, consequently, 
simple knowledge of shell structure may not exhaust all properties of nucleus. 
There do exist indications which point out for us the importance of correlation 
among nucleons. They are those phenomena as the «-decay and direct re- 
actions in which clusters like «particles take part. These phenomena are the 
main concern of this paper. 

Since Gamow (1), Conpon and GURNEY (?) presented the first theory of the 
a-decay about thirty years ago, development in this field was rather slow. 
In their theory, they assumed a very simple model for the decaying system, 
and succeeded in explaining the Geiger and Nuttal law (*), a relation between 
the decay constant and the energy of the emitted -particle. Namely, they 
assumed continuous existence of one «-particle in the decaying nucleus, this 
a-particle being under the influence of a potential which implies a collective 
effect of all other nucleons. They divided the space into two regions by a 
«nuclear radius » R, outside of which the potential is assumed to be a pure 
Coulomb one and inside of which a square well. Under these assumptions, 
they calculated quantum-mechanically the penetrability of the «-particle 
through the Coulomb barrier and obtained the Geiger and Nuttal law. 

In spite of this excellent success, their theory was not satisfactory in some 
points. They could adjust the «nuclear radius » À so that the theoretical ex- 
pressions agreed with experimental values of the decay constant, but they could 
not explain the decay constant by relating it to the nuclear radius which is 
obtained from other experiments. Moreover, judging from recent knowledge 
of nuclear physics, the nuclear radius thus obtained seems to us somewhat 
too big compared with the values from other experiments, and we must some- 
times use quite different values of nuclear radius for different nuclei. For 
example, we can obtain R=1.537 A4*= 9.2f for 244Po. But, if we use this 
value for ?!°Po, the calculated value of its decay constant turns out to be too 
big by a factor 107 compared to its experiment value. If we wanted to get 
good agreement, we must have used a smaller radius R — 1.422 A*f= 8.45 f 
in this case (*). 


After the theory mentioned above, there appeared several theories (4), but 


(*) G. Gamow: Zests. f. Phys., 51, 2.4 (1928). 
(2) E. U. Conpon and R. W. GuenEY: Phys. Rev., 83, 127 (1929). 
(3) G. C. HANNA: Experimental Nuclear Physics, vol. 8, part 1x (1959); I. PERLMAN 


and J. O. Rasmussen: Handb. d. Phys., 42, 109 (1957). 

() Slight fluctuations of the radius or shape may be expected due to difference in 
nuclear structure. The differenees in R seem, however, to be too big to be explained 
only by this reason. ?!°Po has the neutron closed shell 126. Cf. I. PERLMAN, A. 
GHI0RSO and G. T. SEABORG: Phys. Rev., 77, 26 (1950). 


(*) M. A. Preston: Phys: Rev., 71, 865 (1947); I. KAPLAN: Phys. Rev., 81, 962 
(1951); J. J. DEVANEY: Phys. Rev., 91, 587 (1953) 
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they were concerned mainly in refinement of their calculation and extension 
to the decay of non-spherical nuclei. 

Recently, TOLHOEK and BRUSSAARD (5) published very interesting discus- 
sions about the x-decay. The potential for the «-particle is not strictly square 
well, but it has a «tail» as known from scattering experiments. This may 
have a big effect on the penetrability. So they calculated the potential for the 
x-particle by using the experimental value of the nucleon density of the nucleus, 
the extension of the «-particle and the range of the two-body nuclear poten- 
tial, and evaluated the penetration through this modified potential barrier. 
Thus, they could obtain an improved result, but the effect of the tail was so 
big in lowering the barrier that the penetrability became very big. In order 
to get the correct value of the decay constant, therefore, they were forced 
to assume that the «-particle does not exist continuously in the nucleus but 
it is formed with a very small probability P = 10-4. 

On the other hand, a probability of formation of «-particles can be inferred 
from medium energy scattering experiments. HoDpGson (°) analysed an ex- 
periment in which protons of 45 MeV bombarded heavy nuclei in photo- 
graphic emulsion and energy and angular distributions of «-particles were 
measured. From the fact that secondary protons were very often accom- 
panied by «-particles and from the form of energy and angular distributions, 
he interpreted the reaction as knock-on by incident protons of those «-par- 
ticles which were present in the nuclear surface with a probability P’. He 
assumed the same cross-section for proton-x scattering as that for free «-par- 
ticles, and, by a classical calculation, he estimated the probability P! as about 
0.4. We analysed this experiment quantum-mechanically by assuming rela- 
tively low angular momentum bound states for the «-particle, and showed 
that the main features of the angular distribution can be explained. The value 
we got for PI was nearly the same as Hodgson’s (7). More recently, OSTROUMOY 
and FILOV (*) performed a similar experiment by using proton beams of some- 
what higher energies between 100 and 660 MeV. In this case the mechanism of 
reaction becomes a little more complicated because of cascade multiplication (*) 
of nucleons within a nucleus, but they concluded that P/ is an intrinsic quantity 
of a nucleus and is independent from the bombarding energies. 


(5) H. A. ToLHoeK and P. J. BrussAaRD: Physica, 21, 449 (1955). 

(6) P. E. Hopeson: Nucl. Phys., 8, 1 (1958). 

(7) T. Miyazima et al.: Informagoes entre Fisicos, 3, 16 (1960), a mimeographed 
circular in Portuguese. 

(8) V. I. Ostroumov and R. A. FiLov: Soviet Phys. JETP, 37 (10), 459 (1960). 

(*) Proton beams of energies between 50 and 100 MeV seem to be most con- 
venient for the study of this kind of direct reaction, because the cascade multiplication 
is not so important in this case and, at the same time, we can easily separate «-par- 
ticles due to the direct reaction from those due to evaporation. 
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Now, P, and P’, are defined on different bases. While P, is the probability 
of formation of «-particles which will later go out from the nucleus carrying 
a definite decay energy, P' is defined with a little looser condition. In both 
sages, however, we are considering «-particles which are limited within the 
nuclear surface. The state in which «-particles exist in the nuclear surface is 
not a pure stationary state but must be considered as a member of expansion 
of the nuclear wave function into resonant group states in the terminology 
of Wheeler. It seems thus quite reasonable to consider that P, and P, should 
be of the same order of magnitude. As we have mentioned, experiments show, 
however, that P, and P° differ from each other by the order of magnitude 10%. 

The main purpose of the present work is to solve this contradiction. In the 
next section, we present a new model of the x-decay. In Section 3, we discuss 
the potential for the «-particle in detail. In Section 4, we calculate the pen- 
etrability in this model numerically. In Section 5, we discuss the consisteney 
between the «-decay and the scattering experiments and an additional strong 
point of our model, ?.e., unnecessity of introduction of a too big fluctuation 
in the nuclear radius. 


2. — A model of the «-decay. 


We know from the electron-nucleus scattering experiments, etc., that the 
nucleon density in a nucleus has the form shown in Fig. 1. Let us divide the 
nucleus into two regions as shown in that figure and call them the inner and 

the surface region, respectively. 
Nucieon density In the inner region, the binding 

4 energy per nucleon and the inter- 
nucleon distance are very similar 
to those of an «-particle. But, we 
do not know at all whether we 


Surface region 
Ar 9 


i may assume that the neighbouring 
Fao Las two protons and two neutrons 
Distance from center è ; 
make an «-particle or not, since 
Fig. 1. - Nucleon density in a nucleus. We we have at present no precise 


divide the nucleus into two parts, the inner mathematical definition of the 
and the surface region, at the point where the 


density becomes almost constant. 


clustering. Though an «-particle 
might be really formed in this re- 
gion, it is very difficult for us to 
recognize it as an «-particle, because it may be too similar to its surroundings. 
On the other hand, if an «-particle is in the surface region, we may recognize 
it very easily, because the nucleon density and the binding energy per nucleon 
may be very different in this region from those of an a-particle. We shall 
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therefore, consider the x-particle only in this surface region. We shall not pay 
any attention to its origin. It might come from the inner region or possibly 
be formed just outside of the inner region owing to a fluctuation of the «surface» 
of the inner region. Some «-particle might be formed in the outer part of the 
surface region, but this probability must be very small as shown by TOLHOEK 
and BRUSSAARD (5) in their calculation of the overlapping integral. 

Now let us follow the behavior of the «-particle which has just come out 
of the inside to the surface region. It goes to the outer part of the surface 
region, where it may be mainly pushed back by the collective effect of the other 
nucleons and, entering back into the inner unrecognizable region, disappears 
from our attention, but sometimes it is dissociated into other smaller clusters 
or into four nucleons colliding with nucleons existing in this region and these 
four nucleons go back to the inner region (°). Very rarely, it may go out to infin- 
ity as a decay «-particle. The life time of the «-decay is very long compared 
to the period of the nuclear oscillation, so that the nucleus is considered to 
be almost stable. Therefore, we can consider that this kind of circulation in 
the nuclear surface always happens. 


8. — Choice of the potential for an «-particle. 


Following the usual way, we may express the collective influence of the 
nucleons in the daughter nucleus by a potential. A part of the influence 
which is responsible for the pushing back of «-particles is expressed by a real 
potential barrier like TOLHOEK and BRUSSAARD’s, and the other part which 
causes the dissociation of the «-particle by an imaginary potential. Namely, 
we may take account of all effects by an appropriate complex potential. 

A short while ago, IGO (!°) obtained the following optical potential for an 
a-particle from his cumulative analysis of the scattering and reaction exper- 
iments of «-particles: 


y —1.17A? 
0.574 


pe | 


Vial 00 exp | | (‘45.7 exp 0.578 — 


This potential is valid in the region where the absolute value of the real 
part is smaller than 10 MeV. In the reaction experiments, however, the «-par- 
ticle cannot penetrate deeply into the nucleus, that is, the wave function of 
the x-particle is damped away very rapidly in the nucleus. Thus, we cannot 
obtain any knowledge about the shape of the potential in the inner region. 


(°) G. H. Witson: Phys. Rev., 96, 1032 (1954). We appreciate very much Dr. WIN- 
sLow’s remark that some of the basic points of our model are closely related to his model. 
(19) G. IGo: Phys. Rev., 115, 1665 (1959). 


54 - Il Nuovo Cimento. 
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In the optical potential for a nucleon, we have an imaginary part even 
when the energy is sufficiently low and every inelastic channel is closed. This 
imaginary part comes from the averaging procedure of the cross-section. That 
is, the cross-section may oscillate with energy very rapidly, if we measure 
it by using a strictly monochromatic incident wave. In the usual experiments, 
however, the incident wave is not monochromatie, and only the cross-section 
which is smoothed out by averaging it over the energies is measured. In order 
to calculate this averaged value directly, we usually add a small imaginary 
part to the potential (1). 

It may then be a little risky to use such an optical potential without any 
criticism for the «-decay in which the energy of the emitted «-particle seems 
to be well defined. In the case of the optical potential for «-particles, however, 
we have another origin of the imaginary part. The «-particle may be with 
some probability dissociated into four nucleons when it enters into a nucleus. 
Namely, real damping of the wave function the of «-particle occurs. In order 
to take account of this damping, we must also add some imaginary part to 
the potential. 

The imaginary part in the Igo potential may be considered to come from 
these two origins. (Of course, in the case of higher incident energy, some of 
the imaginary part must come from the damping due to the inelastic and 
reaction processes in which the «-particle gives some part of its energy to other 
nucleons. But, this is not important in our case.) 

Moreover, in the region where the effect of the optical potential is big, the 
energy of the «-particle is considered to be not so well defined, as discussed 
later. 

Based on such reasons, we shall use Igo’s optical potential itself without 
any modification for the outer part of our complex potential. 

With respect to the inner part of our complex potential, we may make 
any assumptions, because no assumption contradicts with the scattering 
and reaction experiments. About the real part, we shall follow the dis- 
cussion by TOLHOEK and BRUSSAARD. They considered an imaginary cycle 
of four nucleons: two protons and two neutrons go out from a nucleus, they 
form an «-particle in the outside of the nucleus, this «-particle enters back 
into the nucleus and is finally dissociated into four separate nucleons within 
the nucleus. Assuming that the binding energy of the «-particle in the nucleus 
is very near to that of a free «-particle, they obtained 167 MeV for the value 
of the potential at sufficiently inner points. Here we assume 147 MeV ar- 
bitrarily, because this value is not important for our purpose as will be seen 
from the calculation in the next section. 


(!!) H. Fesnpacu, C. E. PORTER and V. F. WrIssKoPr: Phys. Rev., 96, 448 (1954). 
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About the imaginary part, we shall assume that it goes to zero at r — Sf. 
The reason is the following: in the central part of the nucleus, the nucleon 
density is so high that the «-particle cannot be dissociated because of the Pauli 
principle. Even if it were dissociated there, another one will be formed at 
once because it is the property of this part of the nucleus to be very similar 
to the «-particle. Then, the imaginary part may be rather small if it ever 
exists. The choice of 8f is not so meaningful. It is because, on one side, 


we can usually consider that 
the «-particle has reached the 
inner region when it came to 
8f from the center of the nu- 
cleus, and on the other, this 
choice is not sensitive for the 
value of the penetrability. 

Thus fixing the values of 
the potential at the inner part, 
we interpolate freely the com- 
plex potential from here to 
Igo’s region. 

In conclusion, we shall use 
the potential shown in Fig. 2. 


Fig. 2. — Potential for the «-par- 

ticle. This is the potential in case 

of the decay of *“*Po. The poten- 

tials are slightly different in case 

of the decays of other polonium 

isotopes, but very similar. We do 
not draw them here. 


MeV 
50; 
_Real part 
0 — - ? 
fermi 
bs Imaginary part 
-50} 
-100 + 
| 
-150F J 


4. — Calculation of the decay constant. 


In our model, the decay constant 4 is given by 


4 = S exp [— 20], 


where S denotes the number of «-particles per unit time which just appear 
at the surface region and are going toward the outer part, and exp [— 2C] 
is the penetrability. In our case, C is given in WKB approximation by 


6 -[K ME — V,— Vo) + Mew} — M(E — V,— Vo) |# ar , 
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where V, and W, are the real and imaginary part of Igo’s potential, respec- 
tively, and V, is the Coulomb potential between the a-particle and the daughter 
nucleus, M is the reduced mass and Æ is the effective energy of the emitted 


V 
300 MS 


Integrand of C 
N 
o 
(=) 
T 


— 

oO 

j=) 
T 


10 20 30 


Fig. 3. — Integrand of ©. If the shape of poten- 

tial changes slightly in the inner part, this inte- 

grand changes slightly in the hatched part. This 

modifies only very little the total area of this 
graph. 


a-particle. 

We do not consider the ef- 
fect of reflection. It must be 
very small, because there is no 
sudden change in the potential 
and it is absorptive. 

The integral C is given by 
the area shown in Fig. 3. If 
the value of the potential 
changes slightly at a part near 
the inner region, the hatched 
part of the figure changes 
slightly. This change is not so 
important to the whole inte- 
gral, because the main contribu- 
tion comes from the outer part. 

The results of the numeri- 
cal calculations are shown in 
Table I. We have used 6?= 
= 2ahS, the reduced width, for 
comparison with other works. 


TABLE I. — Reduced widths for polonium isotopes. 


5. — Discussion. 


In the old calculations, we used the potential barrier shown in Fig. 4. The 
bigger the hatched area of the figure, the smaller the penetrability. In TOLHOEK 


| 
Elements ATA) exp[— 20] | 0? (MeV) 
218Po 3.79-10-3 2.51 10-53 | 0.623 | 
216Po 4.39 3.29-10-:0 0.552 | 
214P 9 4.24. 105 3.61:10-17 | 0.486 
212Po 2.28 -108 3.24-10-14 0.291 
210Po 5.92-10-8 42-10-27 0.029 
| 208Po 7.59-10-9 8.76-10-28 0.035 
206Po 4.56-10-8 .80-10-27 | 0.067 
| 204Po 5.07-10-? 1.63- 10-26 | 0.132 
| 208Po 4.44-10-8 2.62-10-25 0.070 
200Po 1.05-10-3 4.07-10-24 1.067 
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and BRUSSAARD’s work, they used a potential like that shown in Fig. 5. In 


this case, the hatched area became too 


became too big. Then they 
were forced to assume a 
small formation 
probability of «-particles 
which contradicts com- 
pletely the reaction exper- 


very 


iments. But, in any way, 
we must use a modified 
potential like TOLHOEK 
and BRUSSAARD’s because 
the existence of the po- 


Potential 
N 
o 


5 
(=) 


small and consequently the penetrability 


Decay energy 


10 


20 a fermi 


Fig. 4. — Potential barrier in Gamow’s theory. The larger 
the hatched area, the smaller the penetrability. 


tential tail is well established from the scattering experiments. The only way in 
which we can make both facts compatible with each other is to take account 
of the dissociation effect of the «-particle. 

Now, S is considered to be composed of two factors as follows: 


SEN, 


where F is the frequency of an «-particle in the nuclear surface, that is, the 
number of times in which an «-particle appears on the dividing sphere, 


30 MeV 
20 
3 10} 
È Decay energy 
& OF 50 fermi 
-10F 


Fig. 5. — Potential in Tolhoek and Brussaard’s theo- 

ry. The barrier is rounded so much on account of 

the tail of the nuclear potential that the penetrabi- 
lity becomes too big. 


and N, is the average num- 
ber the 
nuclear surface. 

We may consider that F 
is nearly equal to D/2ah, 
according to DEVANEY (+) 
where Dis the mean distance 
of the 0* energy levels of the 
nucleus, and of the order of 
1 MeV. Then, the mean num- 


of «-particles in 


ber N, is considered to be 
approximately the non-di- 
mensional value itself of the 
6? measured in MeV as given 
in Table I. This is sufficient- 
ly big and compatible with 
the value obtained from the 


reaction experiments. In Hodgson’s analysis, he assumed that 60 nucleons make 
g-particles with the formation probability P,=0.4, so that the average number 
of x-particles is about 6. As we have discussed in Section 1, the two values of 
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Ns cannot be compared directly. In the case of the reaction experiments, 
the energy of the «-particles which are formed in the nuclear surface has a 
wide spread, while, in the case of the «-decay, it might be of a discrete level 
with a narrow width. The latter discussion, however, is not correct. The 
z-particle is not moving in a pure potential field; it is emitted from the inner 
region to a narrow surface region and reabsorbed into the former. According to 
the uncertainty principle, then these «-particles have a wide spread in energies 
comparable to that in reaction experiments. We have thus enough reason 
to assume that the mean number of «-particles in the theory of «-decays has 
the same order of magnitude with that in the reaction experiments. 

Our model has another merit, that is, we need not introduce a big 
fluctuation in the nuclear radius. In the usual theory, we use a potential like 
Fig. 4. If the decay energy is low, the area becomes big. Consequently, 
the penetrability becomes small. But, the increase of this area is generally 
not big enough to make the penetrability sufficiently small, and we have to use 
a smaller nuclear radius for low energy decay elements (cf. Fig. 6, where 
we show the decay energies of ?44Po and ?!°Po, as examples). 


30 MeV 


0 = = = 1 L 
0 10 20 30 40 fermi 


Fig. 6. — Penetrabilities in the decays of “Po and "Po in the usual model. In the 
case of pure Coulomb potential, the ratio of the areas is not sufficient if we do not 
use different radii for both decays. 


In our case, however, the potential barrier is rounded by the tail of the 
nuclear potential. This area for ?Po becomes sufficiently big compared to 
that for 2!4Po, as seen in Fig. 7. Thus, we obtain reasonable values of the decay 
constant without using very different nuclear radii. Indeed, in the case of 
Gamow’s theory, the reduced width for ®!°Po is smaller by a factor 107 than 
that for ®!“Po, if we use the same radius for 2!Po as that of 214Po, while, in 
our case, the difference is only by a factor 17. Such a small difference may 
be explained by taking account of the difference in the configurations of nuclei, 
as discussed below. 

This point was, however, discussed already by RASMUSSEN (22). He used 


(12) J. O. RASMUSSEN: Phys. Rev., 113, 1593 (1959). 
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only the real part of the Igo potential and calculated the reduced widths for 
many elements. But, as he did not take into account the dissociation effect 
of x-particles, he got rather small absolute values of reduced widths. 


MeV 
30! © 


20; 


: = Bei ic c 2 È 05 
Fig. 7. — Penetrabilities in the decays of **Po and ?!°Po in the present model. Since 
the top of the potential is rounded, the ratio of the areas is sufficiently big. 


Recently, MANG (!) developed a refined theory and obtained an expres- 
sion for the reduced width. He calculated it assuming the shell model for 
the nucleus and showed that very good relative values of the reduced width 
are obtained. Unfortunately, the asbolute values were very small, but we shall 
be able to obtain a good value by taking account of the effect of configuration 
mixing, as he suggested. In any way, taking into account the dissociation 
effect of «-particles in the nuclear surface, we have shown that our model of 
g-decay is consistent with the reaction experiments. 

Generally speaking, nuclear reactions at medium energies (50 to 100 MeV) 
will give us a useful clue to clarify the nature of the nucleus. At these energies, 
direct scattering of nucleon clusters with the incident particle is the main 
mechanism giving composite particles in the final state. By observing an- 
gular distributions or correlations of the emitted composite particles, we shall 
be able to distinguish direct reactions from those through compound nuclei. 
Observation of direct reactions will be a sensitive method of obtaining infor- 
mation about clusters in the nucleus. It may be necessary to point out that, 
at these energies, the (p, x) reaction is not the reverse reaction to (x, p), since 
(p, x) is actually (p, p’x) whose reverse reaction becomes a triple collision. 
We cannot, therefore, replace a (p,«) by an (x, p) experiment. 

It is a very interesting question if a big probability of «-particle formation 
is compatible with the theory of nuclear matter by BRUECKNER or with the 
shell theory. Though it may be very hard to answer this question, the following 


(13) H. J. Mane: Zeits. f. Phys., 148, 572 (1957); Phys. Rev., 119, 1069 (196)). 
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consideration may be of some use. Let us divide the nucleus into the inner 
and the surface regions. The total wave function ‘7 may be expanded into 


products of cluster wave functions: 


Hip, 


where g and y refer to the internal and surface regions respectively, and > 
indicates summation over different states n and various symmetrizations. For 
the ground state or very low excited states of the internal cluster, we may 
apply Brueckner’s theory to g,. Since the internal cluster states where there 
are many « clusters may have relatively low energies of excitation, those states 
may have rather big weights in the total wave function. In other words, even 
if Brueckner’s theory gives the correct energy of nuclear matter, this does not 
mean that the total wave function of the nucleus is well approximated by 
Brueckner’s wave function. Direct reactions may be a powerful method of 
investigating the true nuclear wave function. 


* *K x 


The authors wish to express their thanks to the members of the Instituto 
de Fisica Tedrica for many helpful discussions on this work. Two of us (J.O. 
and T.M.) would like to thank Dr. J. H. LEAL FERREIRA for the hospitality 
extended them at the Instituto de Fisica Tedrica. 


RIASSUNTO (*) 


Presentiamo un nuovo modello del decadimento x che è coerente con le reazioni 
del tipo (p, x). Sia il decadimento x che la reazione x diretta suggeriscono che, con una 
certa probabilità, sulla superficie nucleare esistono delle particelle x. Dalle teorie correnti 
sul decadimento « risulta che la probabilità di formazione delle particelle x è molto pie- 
cola, dell’ordine di grandezza di 16-4, mentre, in base alle analisi delle reazioni (p, x), 
si stima che la probabilità degli x è dell’ordine di grandezza di molte volte 0.1. Sebbene 
ci possa essere qualche diversità nei significati fisici delle probabilità x nei due casi, 
cl sono sufficienti motivi per ritenere che esse siano dello stesso ordine di grandezza. 
Nel nostro modello si suppone che le particelle « si formino continuamente nella materia 
nucleare ed emergano sulla superficie nucleare, dove la maggior parte viene respinta 
indietro o distrutta mentre alcune fuoriescono nello spazio esterno. Oltre che di questo 
meccanismo specifico, noi abbiamo fatto uso di tutti i dati sperimentali possibili e siamo 


riusciti a risolvere la suddetta discordanza ed a spiegare su una base unificata aleune 
tendenze sistematiche degli isotopi del decadimento «. 


* II O È 
(*) Traduzione a cura della. Redazione. 
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The Decay Modes and Lifetime of Negative K-Mesons. 


B. BHOWMIK, P. ©. JAIN and P. C. MATHUR 
Department of Physics, University of Delhi - Delhi 


(ricevuto il 25 Gennaio 1961) 


Summary. — Two emulsion stacks, exposed to magnetically analysed 
enriched K~-meson beam of average momentum 430 MeV/c and 440 MeV/e 
from Bevatron, have been used to estimate the relative abundance and 
lifetime of K -mesons. While following 1(3 m of track length, 48 decay- 
like events were observed. From the analysis of events with good geom- 
etry the following decay modes have been established: K,,,, K,, Ku3: KaslT') 
and Kg. No example of +--decay was found in the line scan sample, 
but the mode has been established from an area scan event. No knowl- 
edge of K*-decay modes, or of the mass of the primary particle was assumed 
in the analysis. The mean mass, obtained from the decay kinematies 
of K,, and K_, mode, is (965.8752) m.. The mass value from + -decay 
mode is found to be (964.45+2.91) m,. The percentages of various decay 
modes are as follows: Kyg (56.0 +12.8), Kz, (33.4+8.7), Kys (5.9 +3.1), 
Ky3(t') (2.72.8), Kg; (2.9+1.9) and + (€+2.C). The mean lifetime has 
been determined after detailed considerations of the contamination due 
to decaylike clean interactions, and losses due to missing secondaries. 


The mean lifetime is (1.27%}38)-10-8 s. 


1. — Introduction. 


The lifetime and relative frequencies of various decay modes of positive 
K-mesons have been studied in detail by various authors. Unlike the positive 
K-mesons which decay at rest, the negative K-mesons produce capture stars, 
when brought to rest. The decay modes of K~-mesons can be studied only 
by investigating decays in flight. Available information on K~-decay modes (11) 


(1) S. Nrrsson and A. Frisk: Ark. f. Fys., 14, 293 (1958). 

(2) Y. EISENBERG, W. Kocu, E. LoHRMANN, M. NigoLit, M. SCHNEEBERGER and 
H. WixzeLER: Nuovo Cimento, 8, 663 (1958). 

(8) S. C. FREDEN, F. C. GILBERT and R. S. WHirE: Phys. Rev., 148, 564 (1960). 

(4) N. A. NicKoLs: Thesis, UCRL-8692 (1959). 
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is therefore limited. It is interesting to determine the relative abundance of 
K--decay modes, and compare it with that of K*-mesons. According to PCT 
invariance theorem, the lifetime and relative frequencies of K™- and K'-decay 
modes are expected to be the same, if they are charge conjugate particles. 

The various decay modes of an unstable particle, can be established by 
identifying the secondary particle and determining its energy. In case of 
decays in flight, the determination of the velocity of the primary and the 
space angle between the primary and the secondary is also necessary, so as 
to compute the kinetic energy of the secondary in the rest system (R.S.) of 
the primary, from the observed laboratory kinetic energy. When the secon- 
dary is emitted in the backward direction, and is quite slow, it could be easily 
identified when brought to rest by characteristic behaviour at the end or by 
ionization residual range measurements or by both. Particles going out of 
the stack can be identified by measuring the change of ionization with range, 
or by ionization —pf measurements. Some of the fast secondaries can be 
identified by their characteristic interaction in flight. Having established the 
decay modes from the identified secondaries, it is possible to infer the decay 
mode where the identity of the secondary could not be established. Since the 
velocity of the secondary, having ionization greater than 1.1 times the minimum 
can be determined from accurate ionization measurements without any know- 
ledge of its identity, the decay mode can be identified by comparing its R.S. 
velocity with the R.S. velocities of the already established decay modes. For 
flat secondary tracks, pf could be determined with sufficient accuracy, and 
its energy in the rest frame can be calculated, attributing to it mass values 
corresponding to various possible decay modes. The mode can then be iden- 
tified, if the R.S. energy of the secondary is found to be consistent with the 
R.S. energy of any one of the established decay modes. It may be remarked 
here that the analysis presented in Section 3 does not imply any knowledge 
of K*-decay modes or the mass of the primary particle. The only parameter 
involved is the velocity of the primary particle, which can be determined only 
from ionization measurements, since for a measured ionization, particles of 
all masses have the same velocity. 

The question, whether various decay modes arise out of a single parent 
particle or different particles, is of great interest. In case of K*-mesons, the 
mass for different decay modes has been shown to be the same from momentum- 
range measurements. However, this cannot be done in case of K-~-mesons. 
The masses of K~-mesons can be accurately calculated from the kinematics 
of a postulated two body decay mode. The mass spectrum of the primary 
particle has been calculated for K,, and K_, decay modes. 

To determine the branching ratio of various decay modes and the lifetime 


of K~-meson accurately, a correct estimation of the following two factors 
is necessary. 


Residual range (mms) 
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1) A certain fraction of K -interactions in flight may give rise to «clean » 
events with the emission of only one light particle, without any associated 
blob, recoil or electron at the point of interaction. Some of these interactions 
would be indistinguishable from true decay events, and their inclusion would 
result in an overestimation of the number of decays. This situation is unique 
in K-decay problem, and is not encountered in the investigation of K* life- 
time. 


2) In some cases, the light secondary may be missed due to poor de- 
velopment of the track, its steepness or proximity near glass or air surface 
of the emulsion. Such events are included amongst disappearances in flight, 
which arise due to charge exchange reactions and interaction of K~-megson 
with free or bound proton, giving a Y° and a 7°. This loss would lead to an 
underestimation of decay events. 


Contributions from both these factors have been estimated, after detailed 
considerations, in Section 34 and 35, respectively. 


2. — Experimental procedure. 


21. Exposure details. — The present experiment was carried out with two 
emulsion stacks. First stack, (henceforth called K 7) consisting of 80, 
8 in. x7 in. x 600 um Ilford G-5 emulsion pellicles, was exposed to a magne- 
tically analysed K7-meson beam from the Bevatron. The average momentum 
at the point of entry is 430 MeV/c. Momentum dispersion across a plate is 


N° ‘a plates' 'b plates' 
E— 140 5 
E L 
E 
a 120} 
n L 
3 
@ 100; 
70 i SL GORE (nani 
0 20 40 60 80 100 120 140 20 40 60 80 100 120 140 mm 
Distance From the processed edge (mm) Dist. From the processed edge 
a) b) 


Fig. 1. — Range distribution for stopping tracks across a plate in stack K, (Fig. la), 
and stack Ky (Fig. 10). 


displayed in Fig. la. The momentum is constant throughout the depth of 
the stack. A second stack, (henceforth called K, ) consisting of 60, 8 in. x6 in. x 
x 600 um Ilford G-5 and 40, 8 in. x6 in. X600 pm Ilford K-5 emulsion sheets, 
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was exposed to an enriched bean of K~-mesons from the Bevatron. In this 
stack, there was practically no momentum gradient across the plates, as dis- 
played in Fig. 1b. The average momentum at the point of entry is 440 MeV/c. 
Both these stack were kept at low temperature during their transit to Bristol 
for processing after exposure. A high blob density (in stack Ky 21.1/100 um 
and in stack K, 24.9/100 um) at minimum ionization was obtained as a result 


of this precaution (°). 


‘2. Scanning procedure and identification of primary K~-mesons. — Stack K; : 
Tracks lying within 5° of the beam direction and having ionization ex- 
pected for a K~-meson corresponding to the mean beam momentum, were 
picked up 4mm away from the entrance edge. These tracks were then fol- 
lowed to the end of their range or to a point where an interaction, decay or 
disappearence (stop) occured. A total track length of 56.30 meters was fol- 
lowed. 

Stack K7: A different procedure was adopted in this stack and the total 
track length followed was 46.63 m. To get a larger time of flight per cm of 
the track length followed, K~-meson tracks were picked up after they had 
considerably slowed down. Although available track length in the stack was 
about 11.5 cm, tracks were picked up at about 5 cm residual range. 

In K;-stack, stopping primaries were identified by usual blob count and 
residual range method. In case of events in flight (interactions, decays and 
stops) with observed track length less than 5 cm, the primary was identified 
by b*— pp measurements, while for events with track length more than 5 em, 


Tape I. — Scanning results. 
Number of observed events 
Type of event == 7 eae), ore 
Ky -stack Ky -stack 

Capture stars at rest 349 S54 

Interactions in flight 199 140 

«Stops » in flight | 35 28 

Decays in flight 19 29 

Incomplete tracks 52 (*) | 1 
/ | 
Total number of tracks | 654 105? | 
Total track length 56.3 m 46.63 m | 

Total time of flight HN TELLOSEES | 33.46:1C-8 s 
(*) Mostly due to a broken plate, 


5 2 2 È 
(°) B. Bsowmix, J. H. Davies, D. Evans and D. J. Prowse: Nuovo Cimento, 
7, ‘#12, (1968). 
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identification was done by observing the change of blob density with range. 
Six short tracks, each having total track length less than 4 mm in the stack, 
could not be identified. Proton and pion contamination in this sample was 
estimated according to the statistics on the identified sample. No decaylike 
event was found amongst these events. In K;-stack, stopping tracks were 
identified as usual by ionization-residual range method. For events in flight, 
the primary was identified by observing the change of blob density with range, 
and wherever necessary the primary was followed backwards. 

Each individual track was identified in both the stacks. The scanning 
results are shown in Table I. 


3. — Decay modes of K -mesons. 


31. Decay selection criteria. — A sudden change of direction of a primary 
track, associated with a change of ionization, without any blob, recoil or 
electron at the point of deflection has been classified as a decay event. In 
most cases of decays in flight, the velocity of the secondary is higher than 
that of the primary, and the blob density shows a sharp decrease at the decay 
point. However, from kinematical considerations, it can be shown that for 
a given velocity of the primary, a secondary may appear with the same velo- 
city as that of the primary, along some specific angle. Such events would 
simulate elastic scattering due to absence of any change of ionization on de- 
flection. For certain space angles between the primary and the secondary, 
the latter may have a velocity even less than that of the former and the event 
would look like an inelastic scattering. In case of K -decays, the secondaries 
of these ambiguious events will be confined to a very narrow angular cone in 
the backward direction of the primary, and being slow can almost invariably 
be followed to rest and identified. 

Out of 48 recorded decaylike events, only in two cases the ionization of 
the secondary was higher than that of the primary. One is identified as a 
u-meson and the other as 7-meson, by their characteristic behaviour, when 
brought to rest. In the remaining 46 cases, only one light secondary emerges 
at the point of deflection, without any associated blob, recoil or electron. 
Association of electron at the point of decaylike interaction may occur due 
to B-decay or y-ray emission, following nuclear excitation. Auger electrons 
are not expected in case of interactions in flight, since the kinetic energy of 
the interacting particle, even at 1 mm residual range, is of the order of 10 MeV, 
whereas the energy involved in the cascade process of K7-mesic atoms, is less 
than 1 MeV. 


32. Analysis of decay events. — Only in 28 cases, the decay modes could 
be identified. We classify these analysed events into two broad groups. 
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a) Events with identified secondaries; the decay modes of these events 
have been uniquely established. 


b) Events with unidentified secondaries, but with good geometry of the 
secondary to permit accurate pf or ionization measurements. 


In these cases, the decay modes have been inferred, by comparing the rest 
system energy of the secondary with the rest system energy of the secondaries 
of uniquely established decay modes, under category a). In few cases, the 
measurements on the secondaries are not accurate enough to permit a reliable 
estimation of the rest system energy, but the possible decay modes can be inferred 
from kinematical considerations. Analysis of 13 events with identifled secon- 
daries is shown in Table II-a; the method of their identification is indicated 
in the remarks column. The rest system energy (7,4) of the secondaries, 
computed from observed laboratory energy, is shown in column 7. In case 
of stopping secondaries, the laboratory energy is obtained from the residual 
range, and for non-stopping cases, from the expected residual range, based on 
ionization measurements. The primary velocity is also estimated by ionization 
measurements, which does not involve any knowledge of its mass. Stopping 
power corrections for observed and expected ranges were applied, and the 
energies were computed using Barkas range-energy relation (°). 

The rest system energy T,, of these 13 established decay events, with 

identified secondaries, is shown as 
1 hatched events in Fig. 2a. In the 
remaining 10 events, secondaries could 
not be identified. Two peaks at 


| identified secondary 


6+ | Tra 150 MeV and Tg +110 Mew 
cl corresponding to u- and 7-meson, sec- 

Ke, ondaries, unambiguously establish the 
27 Ky sKa, Kn Ha 


two-body decay modes K,, and K_ 
Pions and muons, having 7 


2 * 


rs. Va- 


0 20 40 60 80 100 120 140 160 180 ]ues widely different from these line 


TRS. MeV : : 
spectrum values, obviously arise from 
Fi i y . le) SVS ci VETO à pores d te 7 . 
g. 2a. — Rest system kinetic energies of K,, and K,, modes respectively. The 


23 analysed decay events. r : » 
K,, mode is also definitely establi- 


shed by event No. 11. 
hi ki ¢ gd 4 D ‘Aa . ‘€ T “I 1 y ni > = 
From the present analysis, we have therefore definitely established the 
following dec: 8 K N es 
) DILLO decay modes K,,, K,.., Ki Key eed K,,. No t mode was 
une in our line sean sample. However, during the area scan of T-u events for 
stopping power calibration, a slow positive pion was found to originate from 


(5) W. H. BARKAS: Nuovo Cimento, 8, 201 (1958). 
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a four-prong star. The analysis of this event is shown in Table II-b. The 
mass value (492.83 + 1.49) MeV of the primary, obtained from decay kinema- 
tics and the coplanarity of the pions in the rest system, proves beyond doubt 
that the event is an example of 77-decay. The direction of the postulated 
primary was established by following it backward. All the known decay modes 
of the K*-meson are therefore established in case of the K~-meson, ab initio. 


TapLe IIb. — Analysis of +--decay (area scanned). 


— 


me 
Space angle be- 


| 
here 
Identity Res. | Kinetic | Momen. 


Secon- tween the | 
| dar ions ‘rees Mass 0 
ni | ot the range | energy | tum p |_ ISA GER TES) n si 
| e secondary (mm) | (MeV) | (MeV/c) | Tab | rest | i 9 
| system system 
L al (I e 
| esi 
i | | | 
Il (T-1-e) C.43 3.825 | 32.906 | 0,,=139.5 | 120.2 | == | = 
LE SS dee ee TRES a | | sar Ba 
ie | | | | 


SI 
PR 


2. |(2-prong star); 78.94 | 82.435 | 172.6 


| @,,—= 104.0 | 147.2 |492.83+1.49|73.94+1.49 


Toe | | | | 
3 (4-prong star) 1.56 7.961 | 47.818 |0,,= 29.8| 90.5] = = 
| | | | 
e ela) 
Total | 357.9 


The results of analysis of ten events with unidentified secondaries are shown 
in Table II-c. The decay modes of events 14 and 15 are identified by com- 
puting the rest system velocity 5,4 (shown in the remarks column) from the 
laboratory velocity, obtained by ionization measurements. Comparing fy. 
with the unique velocities corresponding to the K,, mode (fx = 0.911) and 
the K,, mode (xs, = 0.828) both these events are labelled as K_,, the corre- 
sponding 7,4, is shown in column 8. These modes are identified, without assu- 
ming the identity of the secondary. 

For flat tracks (events 16 to 23), the extrapolated pf shown in column 6, 
was computed after making scattering measurements at several distances from 
the decay point. In column 7 and 8, we display the rest system energy Te 
assuming two alternative possible identity of the secondary, u-meson and 
m-meson, The possible decay modes is inferred by comparing these values 
with the 7,4, values of established decay modes in Table II-a. 

Two observations may be made regarding this group of events. Firstly 
none of these events could possibly simulate clean interactions due to the high 
value of the observed pf. In less than one per cent cases, pions from K--inter- 
actions can have such high pf (> 286 MeV/c). Secondly, the resolution be- 
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tween the two decay modes, K,, and K_, is quite high in spite of the fact that 
the nature of the secondary is "a gene It is evident from this table that 
the secondary giving 7,4 consistent with the K,, mode, when considered as 
r-meson, would have the 7, value widely different from the 7, value of the 
K,, mode. The situation is similar in case of a postulated K,, mode, and with 
measurements of reasonable accuracy, there is hardly any chance of confusing 
a K,, with a K,, mode or vice-versa. The real difficulty arises out of the 
situation that unidentified secondaries, giving 7 « values consistent with the K_, 
mode, will always give 7g values consistent with the K,, mode when the se- 
condary is assumed to be a u-meson. Also, high energy end of the K,,, spectrum 
is too close to the line spectrum of the K,, mode, to allow adequate discrimi- 
nation between the two. 

Tonization measurements, on the secondary of five events, where the se- 
condaries are emitted at such large space angle, that the difference between 
the expected ionizations for K,, and K_, modes is very large, are shown in 
Table II-d. Due to unfavourable geometry and steepness of the tracks, these 
measurements are of insufficient accuracy to permit a reliable estimate of Tg. 
However, the K_, mode can be completely excluded by comparing the expected 
and observed ionizations. All these events are therefore labelled as K,,: In 
case of the last event, K,, cannot be excluded. 


TABLE IId. — uil of observed and expected ionization for Ky. and K,, decay modes. 


Vol | | Measurements on Expected | 
SS. ocity | Space the secondary ionization | | Fa 
venti _, < : sara alae | voured 
of the | angle | li sn considering | @,, | Remarks 
no. ; dip observed decay | 
primary| (°) hate the secondary | [EG TA 
(Be) | angle lonization |__ | | mode 
AN ETS pe Nase \ ard 


24 |0.3887 69.9 | 30.6 | 0.98+0.05 | 1.03 IRLOMIMZOn, K = 
25 |0.3788 69.2 12.6 | 1.00 +0.04 18 1.15 ORO | ASS 


26 |0.5240 | 125.7 | 43.6 | 1.22+0.07 | 1.24 | 1.79 | 1581 | Ka | = 
Zi (0%:346/07 MI21 50 NOT SCO ED TAN CE 1.44 138.6 | Kus — 
28 |0.3793 | 129.6 | 40.5 | 1.0740.07 | 1.13 | 1.53 | 146.7 | Ka | Kgs not 

| | | | | excluded 


In Table H-e, measurements on the remaining 20 unanalysed events are 
shown. Most of these events are in the forward direction and are steep and 
near minimum. Although, these could not be classified in any single definite 
category of decay mode, the majority of them are likely to belong to either K n 
or K_, mode. The expected ionization for K_, and K,, modes, practically rules 
out a large contamination of these events in this. SR The K,, mode 
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cannot be excluded, but from the known abundance in the analysed sample, 


the percentage of K, 


3 


events will also be very small. 


Remarks 


Could not be followed 
in the next plate. 


TABLE Ile. — Data on unanalysed decay events. 
Measurements on 
Velocity of Space the secondary 
Event | the pri 1 
primary angle 
Oe (Br) (°) dip angle | ionization 
(°) (b*) 
29 0.5554 24.4 20.8 | 1.C02-+0.050 
30 0.5930 38.6 17.9 | 0.962 40.060 
31 0.620 2 27.4 19.1 | 1.C86-+0.044 
32 0.499 2 6.5 11.0 | 1.062+0.060 
33 0.6066 TOI 15.3 1.008 +0.051 
34 0.489 2 12.5 17.0 1.€08 +0.030 
35 0.5826 41.3 11.0 1.023 +0.059 
36 0.5597 38.4 26.2 1.040 +0.070 
37 0.6172 41.7 46.8 1.007 +0.045 
38 0.4511 41.4 42.5 1.C02+0.054 
39 0.5790 28.8 22.4 1.040 +0.050 
40 0.5597 24.8 24.8 1.003 +0.061 
41 0.5609 6.0 11.2 1.005 40.041 
42 0.3785 31.2 24.4 1.011 +0.050 
43 0.6228 108.3 36.6 1.250 +0.310 
44 0.620 2 48.3 48.5 HO) 
45 0.3928 53.9 49.1 21.0 
46 0.4188 56.9 52.8 IO 
47 0.3674 64.8 61.7 — 
48 0.4013 67.4 80.3 —- 


Each of the identified pion, and all unidentified secondaries, except those 
with very high laboratory energy (7 > 200 MeV) in principle, could be a case 
of decay-like clean interaction of K - 


meson. 


33. The mass spectrum of the pri- 
mary particle. — It has already been 
emphasized that the mass of a pri- 
mary particle can be determined from 


Fig. 2b. — Constant area histogram of 
rest system kinetic energies of K,, and 


The contamination of such 
events is estimated in Section 34. 


Ky. decay events. 
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the two-body decay modes, by determining the kinetic energy of the charged 
secondary in the rest system of the primary. The rest system energy for K,, = 
K_, modes is shown in the constant area histogram in Fig. 2b, giving due weight 
to statistical errors on individual events. The 
mean rest system kinetic energies for u- and x- 


[Jone Event | meson are (151.10*%57) MeV and (109.427) MeV, 
respectively. We calculate the mass for the 
| following two decay modes from 17 analysed 

| 


two-body events: 


Ky, > ph) (E6110 Meg 


and 


K-,>n-+ n° (£,=109.42 MeV). 


T2 


The mean mass for the K,, mode is (960.2725°) m, 


and for K_, is (969.8304) m,. These mass va- 
lues are consistent with the assumption that 
both the modes arise out of a single parent par- 
ticle. The mass spectrum of K -meson obtained 
Fig. 3. — Mass spectrum of K-- from decay kinematics of all these events is 
mesons, obtained from the de- shown in Fig. 3. The mean mass (965.819?) m, 
cay kinematics of 17 analysed obtained from the two-body decay modes can be 

PIO gr ents, compared with the mass for the 7--mode. Since 
all the decay products are charged particles in 
7 -decay, the determination of the t~-mass, (964.45 + 2.91) m, does not require 
any knowledge of the velocity of the primary particle. The mass value obtained 
from the decay kinematics, is in excellent agreement with other mass estimations 
of the K~-meson, such as the direct estimation by momentum (7) residual 
range on the primary, or by the absorption process (%1) K74+p>Z+x by 
a free proton. 


ree aes Es el ree 
740 820 900 980 1060 1140 1220 


Mass (m,) 


34. Estimation of decaylike «clean » interactions. — As mentioned earlier, 
some of the observed decaylike events could be «clean» interactions. To 
estimate the upper limit of these events, we consider the angular distribution 


(7) J. HORNBOSTEL and E. 0. SALANT: Phys. Rev., 99, 338 (1955). 
(8) F. H. WEBB, W. W. Cuurr, G. GOLDHABER and S. GoLDHABER: Phys. Rev., 
101, 1212 (1956). 


(9) W. F. Fry, J. ScHnEPS, G. A. Snow, M. 8. Swamr and D. C. WoLD: Phys. 
Rev., 104, 270 (1956). 
(69) Wi He Barkas, Wi. FE) Dupaax, Pi A GILES, H. H. Heckman, F. W. Inman, 
C. J. Mason, N. A. NickoLs and F. M. SmrzH: Phys. Rev., 105, 1417 (1957) 
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of 48 decaylike events in Fig. 4, which shows only 10 events in the backward 


direction as against 38 in the forward direction. 


4 identified u-mesons and one electron. If we 
consider all the remaining 5 to be interactions, 
the total number of clean interactions in the 
entire sample will be 10 because the angular 
distribution of interactions in the laboratory 
frame is isotropic. This is displayed in Fig. 5 
(unpublished Dehli data). We therefore con- 
clude that the upper limit of decaylike inter- 
actions in our sample is 21%. 

We now make a positive estimate of 
clean interactions amongst various decay 
modes. From the established K_, and K,, 
decay modes, it is evident that the energy of 
the secondary pions in the rest system of 
the primary would be confined between 
(0 —55) MeV and (90--130) MeV, respectively. 
This large spread in the K_, line spectrum takes 
account of the experimental uncertainties. 


Out of these 10 events, there are 
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Fig. 4. — Angular distribution of 
48 decaylike events in the labora- 
tory system. 


Pions having R.S. energy between (55-90) MeV and greater than 130 MeV 
therefore originate from decaylike clean interactions. Since the identification of 
pions, having R.S. energy above 130 MeV, is not free from ambiguity, let us 
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Fig. 5. — Angular distribution of 52 pions 
from K -interactions in flight (with asso- 
ciated prongs), in the laboratory system. 
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Fig. 6. - Energy spectrum of pions from 
K--interactions in flight (with associated 
prongs), in the rest system of the primary. 


consider only the lower energy interval between 55 and 90 MeV. Amongst the 
115 analysed events (28 Dehli, 17 Uppsala (1), 22 Berne (?), and 48 Berkeley (4) 
there are six identified pions having R.S. energy between 55 and 90 MeV. These 


six cases are therefore definite cases of clean interactions. 
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total number of clean interactions, we display in Fig. 6, the R.S. energy of 
52 pions from K~-stars in flight with visible prongs (unpublished Dehli data). 
It is found that 23.4 °% of the pions have R.S. energy in this interval. The total 


number 


of clean interactions amongst 115 analysed events, having all possible 


R.S. energy, would therefore be 25.7. Hence the contamination of clean inter- 


actions is 22.3%. 
TaBLe III. — Clean interactions in decaylike events. 
Bit: RS. energy % of pions pean a | Observed Contribution 
Serial interval from K~-stars Coe + no. of to clean 
Ce (MeV) in flight ee events interactions 
28 events 
1 0- 55 37.0 DAI QAR) 0.60 
? 55— 90 23.4 1.46 | 1 (ys) 0.00 
3 90 —130 1825 0.84 MEDA) 0.84 
4 130 —170 9.4 0.59 3 (Kye) (*) 0.00 
5 170 230 14.9 0.93 | a à 
| 5 ) 
6 > 230 1.8 0.11) 5 Kye (7) 10% 
2.48 
(*) Unidentified secondary-scattering group pp>286 MeV/c 
(**) Unidentified secondary-ionisation group. 


In Table III, the clean interactions are estimated among various decay 


modes. 


The six pion R.S. energy intervals correspond to: 


(0--55) MeV pions from clean interactions, simulating the K_, decay 
mode. 


) MeV unambiguous interactions. 
90--130) MeV simulating the K_, decay mode. 


(55 

( 

(130--170) MeV simulating the K,, decay mode—scattering group. 
(When the energy of the light particle is determined by scattering mea- 
surements, the unidentified 7-mesons having R.S. energy between 
130 and 170 MeV, when assumed to be u-mesons, will have energy 
corresponding to K,, mode). 


(170--230) MeV simulating K,, mode—ionisation group. (For a given 

ionization, unidentified pion having R.S. energy between 170 and 

230 MeV, when assumed to be a u-meson, will have the same velocity 

but their energy would correspond to about (130--175) MeV. 

Ten i | above 225 MeV - ionisation group, 

Unambiguous interaction 
above 170 MeV - scattering group. 
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We expect 6.24 clean interactions in 28 analysed events. The distribution 
of these events amongst various energy intervals is shown in column 4 of 
Table III. The actual number of observed events is shown in column 5. Seven 
events with identified u-meson secondaries and one with electron secondary, 
have been excluded. In the first interval, there are two K_, events against 
2.32 expected interactions. Both of them therefore could be clean interactions. 
However, on probability analysis of individuals events (4), we expect 1.4 K_, 
events. It may be remarked, that the K_, decay mode is indistinguishable from 
a clean interaction unless an associated 7° is found to decay in the Dalitz mode, 
giving rise to an electron pair in the vicinity of the decay point. One such 
event has been observed by for K7-decay by FREDEN et al. (11). 

In group three, there are 9 K_, events, whereas the expected number of 
clean interactions simulating the K_, mode is 0.84. Finally, 5 K,, events have 
only been partially analysed by ionisation measurements of limited accuracy. 
These may belong to either fifth of sixth group. We include 1.04 interactions 
in the last column as contributions from these two groups. In the analysed 
sample, therefore, there are 2.48 interactions. Amongst 20 unanalysed events, 
we expect 4.46 interactions. In the entire sample of 48 decaylike events, we 
therefore have a total of 6.94 interactions. 

It may be pointed out, that in the above analysis it has been tacitly as- 
sumed that the pion energy spectrum from K--stars with prongs is same as 
the pion spectrum from clean interactions. The energy spectrum of six definite 
cases of clean interactions is consistent with this assumption. 


35. Estimation of loss factor in decay events. — Decay events where the 
secondary is missed from observation are included in disappearance in flight. 
To estimate this loss, we compare the depth di- 
stribution of decay events and disappearances 
(stops) in Fig. 7, for K,- and K,-stacks. In 
stack Kj both for decays and stops, distributions 
are uniform in the upper half of the emulsion. 
However, in the lower part of the emulsion, 
particularly near the glass, a heavy loss of decays 
is clearly indicated. Since any loss of decay events 
due to missing secondaries, would result in a 
corresponding gain in the number of stops, the 


K, Stack 


O 050 100 0 050 100 


«stops» in Ky- and K;-stacks. Depth From surface 


Fig. 7. — Depth distribution of decay events and 


(11) S. C. Frepen, F. C. GILBERT and R. 8. WuitE: Phys. Rev. Lett., 1, 217 (1958). 
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two histograms are expected to be complementary. Indeed, the histograms 
for stops shows a rapid rise near glass. Let S and D denote the true number of 
stops and decays respectively, and AS and AD denote their gain and loss. 
It is clear from the above discussion, that AS= AD. From the constancy of 
the two histograms near surface, it may reasonably be assumed that the loss 
of decay events between .1 to .5 of the emulsion thickness is negligible. There- 
fore the ratio of the observed number of stops to decays in this region, repre- 
sents the true ratio S/D, which is equal to 13.5/13. The total observed number 
of stops and decays are (S+AD)=35 and (D—AD)=19, respectively. 
From these two relations, we get AD= 7.49 + 5.45. For K;-stack, a very 
small loss is indicated by the histogram, and on similar considerations, we get 
AD=2.45 + 6.17. This large difference in the loss factor arises because of 
difference in the degree of development of the two stacks. 


3'6. Dependence of loss factor on the degree of development. — To determine the 
dependence of visibility of a light track on the degree of development, we 
estimate the percentage loss of electrons in 7—u-e events, by scrutinizing 
112 events in K7-stack, and 51 events in K,-stack. The respective losses are 

(17.9+3.6)% and (5.9+3.3)%. In Fig. 8, 

= b/b(K3) we illustrate these two losses as circles, 

E te) 16 19009 plotted against blob density per 100 um of 

the track. The relative density (b*=b/(b)K7), 
expressed in terms of minimum blob density 

in K;-stack, is also indicated in the diagram. 

Loss of decay secondaries is expected to be 
higher since most of the secondaries have 

near minimum ionization, whereas electrons 


Loss (%o) 


in r—u—e events are in the plateau. The 
mean ionization of missing secondaries is 


estimated in the following manner. 


We divide the secondaries in groups of 
+ 6/100 pm eight equal solid angle intervals in the rest 

Fig. 8. — Variation of per cent system, and calculate their expected labora- 
loss of <a lla a degree tory energy tor the mean eS) velocity 
B=0.49 in K;-stack, and find out corre- 

sponding ionization. As a first approxi- 

mation, we draw a dotted line passing through the two fixed points, corre- 
sponding to electron losses, and estimate the percentage loss of decay se- 
condaries in various solid angle intervals. The weighted mean ionization of 
pee -meson secondaries in the K,,-decay mode is 1.041, and for pions secon- 
Due in the K_,-mode is 1.071. Neglecting the losses of other modes and con- 
sidering the ratio of K,,,/K_, as 2 the mean ionization of missing secondaries is 
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found to be 1.051. A second successive approximation changes this value 
to 1.058. In the K;-stack, the mean primary velocity (B) is 0.41 and the mean 
ionization of missing secondaries, after the second successive approximation, is 
found to be 1.091. This ionization relative to the K7-minimum is 1.288. We plot 
the overall loss of K~-secondaries (28.30 % and 7.8% in the K;- and K;-stacks, 
respectively) estimated in Section 3°4, as triangles against the corresponding mean 
ionization of the missing secondaries. The solid line passing through all the 
four points, therefore, indicates the dependence of loss factor on blob density. 
It is evident from the above discussion and the loss factor curve, that the 
estimation of percentage loss of decay secondaries from a direct comparison 
with the loss of electrons, would lead to an underestimation of the loss factor, 
particularly when the stack is poorly developed. This difference, in case of 
a well developed stack like the K,-stack, is negligible. In an exceptionally 
well developed stack, specially when the development gradient near glass is 
avoided, the actual loss may tend to zero. It may be remarked here, that the 
loss factor depends primarily on the degree of development and its uniformity, 
the proximity of the track near the glass or surface, or its steepness play only 
a secondary role. 

The ratio of the number of missing yu and x secondaries can be found by 
using the solid line in Fig. 8, and reading their losses at various ionizations, 
corresponding to eight equal solid angle intervals. Considering the branching 
ratio K,,,/K,, to be 2, we find this ratio to be 2.906 and 2.962 in the K,- and 
K,-stacks respectively. 


4. — Relative abundance of the decay modes of K -mesons. 


The frequency of decay modes, obtained from the analysed sample, does 
not represent the relative abundance of decays in a normal population. The 
sample is biased because of the deficiency of events with fast secondareies. This 
missing fraction consists mainly of K,, and K,, events, which have been la- 
belled as «stops». One must therefore not only take account of these missing 
events, but also estimate their branching ratio. Furthermore, the contami- 
nation due to clean interaction amongst various decay modes has also to be 
eliminated. 

The relative abundance of various modes in the analysed sample is shown in 
column 2 of Table TV. Column 3 represents the number of events after elimi- 
nation of the contamination from interactions, as estimated in Table III. In 
column 4, 5.46 stops estimated to be missing events in the analysed sample, 
are distributed amongst the K,, and K,, modes, in a manner explained below. 

In K;-stack, 52.6 % of the missing events have been restored to the analysed 
sample. The ratio of missing K,, to K,, events being 2.906 (as discussed in Sec- 
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TaBLE IV. — Relative abundance. 
No. of decay events Gane Corrected | Contri- Total 
“fi = eri ra number of) bution cor- | Relative 
OE corrected = events in from rected | abundance 
mode ob- from | al 1 cani 0/ | 
for clean unanalysed unanalysed| number | (%) 
served |. ; « stops » ; 
interactions sample events lof events 
de 13 11.96 4.07 16.03 12.55 28.58 | 56.0+12.8 | 
Ki 9 8.16 1.39 9.55 7.47 | 17.02 | 334+ 8.7 | 
Kus 3 3.C0 — 3.00 | 3.00 5.9+ 3.2 | 
fa 0 | 0.60 0.C0 = 0.00 0.00 
78 |<! 2 1.40 = 1.40 = | 1.40 DB 25 
Kg; 1 1.00 = 1.00 = Inn Et) SACS EL TI 
Total 28 25.52 5.46 30.98 20.02 | 51.C0 di 


tion 36), 2.93 events will belong to the K,,, and 1.01 to the K_,-mode. Si- 
milarly in the K;-stack, in which 62.0° of the events have been analysed, from 
similar considerations it can be shown that 1.14 events belong to the K,, and 
0.38 to the K,,-mode. 

This brings the total number of K,,, and K_, events in the sample to 16.03 
and 9.55, respectively, as shown in column 5. It can be reasonably assumed, 
that the ratio 16.03/9.55 = 1.68, approximates the correct ratio of K,,,/K_s 
decay modes in a normal sample. 

From the unanalysed 20 decay events, we remove 4.46 interactions. Re- 
storing 4.48 «stops », the total number of decays become 20.02. Events in this 
group have fast and steep secondaries, and consist mainly of K,,, K_, events. 
Since this sample has been normalized by restoring missing events and removing 
pseudodecays, we can divide 20.02 events amongst K,, and K_, decay modes 
in the ratio 1.68:1. This gives us 12.55 and 7.47 events in the respective modes, 
as shown in column 6. The total number of corrected events amongst various 
decays modes is shown in column 7, and the relative abundance in column 8. 
The errors shown are statistical, and take account of the uncertainty in the 
estimation of the loss factor and clean interactions. 

We compare the relative abundance of the K*-decay modes determined by 
BIRGE et al. (1) and ALEXANDER et al. (#) with our results in Table V. Our 
results are in good agreement with these estimations and other estimations of 


(C2) Ts, ESP TR CE ID), 1h, Piven, af, 1. PETERSON, D. H. SrorK and M. N. Wu:- 
TEHEAD: Nuovo Cimento, 4, 834 (1956). 

(8) G. ALEXANDER, R. H. W. Jounston and C. O’CEALLAIGH: Nuovo Cimento, 
6, 478 (1957). 
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the relative abundance of K*-mesons (1418), which is expected for change con- 
jugate particles. 


TABLE V. 
K* relative abundance K~ relative abundance 
Decay mode BIRGE et al. |ALEXANDER et al.) NICKOLS BHOWMIK et al. | 
Kyo 58.5 +30 57.0 42.6 56.5-+7.3 56.0 412.8 
ke 27.7 +2.7 23.2 +2.2 26.3 +6.6 az Ly 
Ss 2.8 +0.95 BO 13 Ai 9.5+4.3 59-2 BI 
K Ti 5.56+0.44 O7 +0.45 | 0.0 +2.1 0.0 + 2.0 
AE 2.15 +0.47 2.15 40.45 9 829.4 DEN; 
Kg 2.23 +1.30 Sil Sens 4.9 +3.2 DORE 


The present results, are also in good agreement with the K7 relative abun- 
dance, determined by NICKOLS (*) (shown in column 4) and other authors (**). 


5. — The lifetime of K -mesons. 


We have observed (48 + 6.93) decaylike events, which includes 6.94 + 2.40 
interactions. Amongst the stops, we have estimated 9.94 + 0.23 decays. The 
total number of true decay events therefore is 51.01 11.24. The proper 
time of flight for stopping tracks has been calculated using Barkas range-energy 
relation, after correcting the ranges for stopping power. For non-stopping 
tracks, the time of flight has been calculated by taking the difference between 
the average time of flight for stopping tracks, and the time of flight for the 
expected residual range of the event. The total proper time for the two stacks 
is 64.73-10-8s. Therefore the lifetime is 1.27*3%-10-8s. Statistical errors 
include uncertainty in the estimation of clean interactions, and losses due to 
missing secondaries. This valuse of lifetime is in good agreement with the 


(14) G-STACK COLLABORATION: Nuovo Cimento, 2, 1063 (1955). 

(15) J. CrussaRD, V. Foucun, J. Hennessy, G. Kayas, L. LEPRINCE-RINGUET, 
D. MorELLET and F. RENARD: Nuovo Cimento, 3, 731 (1956). 

(16) D. M. Ritson, A. Pevsner, 8. C. Fune, M. Wipeorr, G. T. Zorn, 5. GoLp- 
HABER and G. GOLDHABER: Phys. Rev., 101, 1085 (1956). 

(1?) H. H. Heckman, F. M. Smiru and W. H. BARKAS: Nuovo Cimento, 3, 85 (1956). 

(18) T. F. Hoane, M. F. KapLon and G. YEKUTIELI: Phys. Rev., 102, 1185 (1956). 
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life-time of K*-meson, obtained by various authors (!*?), showing that K - 
and K*-mesons are charge conjugate particles. 

The value of life-time obtained by us is also in agreement with the other 
estimations (142426) of the life-time of K°-mesons. 
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1 


RIFAS SI UNITE Ole) 


Abbiamo adoperato due pile di emulsioni, esposte ad un fascio arricchito di me- 

soni K~, analizzato magneticamente, di momento medio 430 MeV/c e 440 MeV/e, pro- 
venienti dal Bevatrone, per stimare l’abbondanza relativa e la vita media dei mesoni K. 
Nel seguire 103 m di lunghezza di traccia abbiamo osservato 48 eventi apparenti come 
decadimenti. Dall’analisi degli eventi con buona geometria abbiamo accertato i seguenti 
modi di decadimenti: K,», Kr», Ky3, Kat’) e Kgg. Non abbiamo trovato alcun esempio 
di decadimento 77 nel campione di scanning lungo linee, ma questo modo è stato accer- 
tato da un evento a mezzo di scanning di superficie. Nell’eseguire l’analisi non si è 
presupposta alcuna conoscenza dei modi di decadimento dei K* o della massa della 
particella primaria. La massa media, dedotta dalla cinematica di decadimento dei 
Bmodi Ki. 6 Ka, 6 (965.873;2) m.. Il valore della massa trovato in base al modo di 
decadimento = è (964.45-+2.91) m.. Le percentuali dei vari modi di decadimento 
sono le seguenti: Ky, (56.0+12.8), Km: (33.4+8.7), Kys (5.9+3.1), Krs(7')(2.7+2.8), 
Kg3(2.9+1.9) e += (0+2.0). La vita media è stata determinata tenendo accuratamente 
conto della contaminazione dovuta a interazioni pulite simili a decadimenti e delle per- 
dite dovute a secondari dispersi. La vita media è (1.2710%5)-10-$ s. 


(*) Traduzione a cura della Redazione. 
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Summary. — An attempt is made to analyse the structure of S-matrix 
elements for multiple production by phenomenological considerations 
based upon the two center model. We start from two assumptions: 1) the 
momentum distributions of pions emitted in the for- and backward cones 
are isotropic in each center-of-mass system (the fire ball rest system) 
and the average values e, of the pion energies in this system do not 
depend on the details of collisions; 2) the mean value of the momentum 
transfer A is always ofthe order of the nucleon mass M. From these assump- 
tions the following results are derived in Sect. 2: 1) the multiplicity is 
given by n= EV 2E,|A| le, where & is the ratio MA/A-na of the fire 
ball mass .# and its maximum value Ana. Experimentally, £= 0.5 
at 10! eV; 2) the lower limit of the inelasticity Æ is given by K>&. 
At 1018 eV we have K>&-~ 0.2 which is consistent with experiments. 
The relation between multiplicity and inelasticity is discussed; 3) in the 
center-of-mass system of the fire ball and the recoil nucleon (« isobar 
system » IBS), the ratio |p |// of the momentum of the nucleon p and the 
fire ball mass.4 is also expressed by the parameter £ as |p|/M/=(1-£2)/2£. 
At 10!° eV we have |p|/@~1. This means that an equipartition of 
energy is approximately valid for the three possible degrees of free- 
dom: the motion of the recoil nucleon, the translational and internal 
motion of the fire ball. |p|<.@ is excluded, unless Æ is unity, contrary 
to experiments; 4) when the equipartition holds, the mean value of the 
transverse momentum is constant and its value is of the order of ey. 
In Sect. 3, the.# and n-dependence of the S-matrix is discussed. And by 
using the corresponding results we estimate the asymmetry in numbers 
of particles n, and n, emitted in the for- and backward cones. The para- 
meter |<(n,--9)?>/<(n1+n,)?>]}}, a measure of the asymmetry, becomes 4 
due to statistical fluctuation alone. It becomes larger if the energy 
transfer A, is not zero. Discussion is also made of the condition by 


(*) On leave of absence from Hokkaido University, Sapporo. 
(”) On leave of absence from Tokyo University of Education, Tokyo. 
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C0 


is, 


which the average value e, of the pion energy in the fire ball is constant. 
The properties of the fire ball seem to be independent from the mechanism of 
its production. Extending this point of view, the similarity between the 
multiple production in -V collisions and .N-N° annihilation is dis- 
cussed in Sect. 4. Conclusions are given in Sect. 5. 


1. — Introduction. 


As early as 1936, the importance of multiple production of particles was point- 
ed out by HEISENBERG (1) in connection with discussions on the limits of valid- 
ity of the present quantum field theory. The well known difficulties of ultra- 
violet divergences appearing in the quantum field theory was considered to be 
due to unlimited extrapolation of the interaction laws, which were deduced 
only from low energy experiments. HEISENBERG anticipated a possible change 
in the interaction law in extremely high energy regions. According to him 
the equations describing fields would be non-linear. This change in the law 
was supposed to eliminate the divergence difficulties on one hand, and would 
cause multiple production of particles on the other hand. Another way of 
overcoming the difficulties is the non-local theory, which was proposed by 
WATAGHIN (2) who discussed possible effects due to non-locality in connection 
with multiple production. In this way, the theory of multiple production was 
developed in intimate connection with fundamental problems of the theory 
of elementary particles. 

On the other hand, OPPENHEIMER et al. (3) pointed out the possibility of 
multiple production even in the present formalism of the meson theory. After 
long discussions of the multiple or plural (4) production, unambiguous verifi- 
cation for existence of multiple production of pions was given by accelerator 
experiments (°). Recently, many important features of extremely high energy 
events were clarified by experiments on high energy jets, penetrating showers, 
extensive air-showers and so on. On account of the very complicated nature 
of the processes, statistical or kinematical methods of analysis were applied 
and many important conclusions were derived, such as the angular distribution 


W. HEISENBERG: Zetts. f. Phys., 101, 533 (1936); 110, 251 (1938); 113, 61 (1936). 
G. WATAGHIN: Zeits. f. Phys., 88, 92 (1934); Suppl. Nuovo Cimento, 8, 792 (1958). 
H. W. Lewis, R. J. OPPENHEIMER and 8. A. WouTHUYSEN: Phys. Rev., 73. 


(1 
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(4) W. HeITLER and L. JANossy: Proc. Phys. Soc. London, 62, 669 (1949). 

(5) W. B.-FowLER, R: P. SHUTT, À. M. THORNDIKE and W. L. WHITTEMORE: 
Phys. Rev., 95, 1026 (1954). 
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of emitted pions, constancy of the transverse momentum (°), average behaviors 
of the multiplicity and the inelasticity, etc. 

In order to understand these main features, several models were proposed 
by many authors, e.g., WATAGHIN (7) Fermi’s (8) statistical model, Landau’s (°) 
hydrodynamical model, two center models, etc. Among the two center models 
we have that one introduced by TAKAGI (1) and developed further by KRAUS- 
HAAR-MARKS. In this so called isobar model, we have after the collision the 
formation of two excited nucleons which then decay emitting mesons. This 
model was successful in giving the characteristic double-cone angular distribu- 
tion, but one of the main difficulties is that it gives a very high inelasticity. 

Recently, Crox et al., CoccoNI and NIU (11) proposed the fire ball model. This 
is also a two center model which assumes the inelastic scattering of the two 
nucleons with the formation of two independent meson clouds, the so called 
fire balls. According to the analysis made by the above authors, the final 
nucleons travel in C.M. system with a much higher velocity than the fire balls 
and in this way we can get a small value for the inelasticity. However, during 
the last few years accuracy of measurements has been much improved, so that as 
WATAGHIN pointed out, it does not seem premature to attack the problem 
starting from first principles. 

As a preliminary towards this direction, we shall make here an attempt 
to determine the structure and the semi-quantitative properties of sub-structure 
of the S-matrix by using information obtained by kinematical analysis of the 
experimental results. In order to carry out this program, we shall analyse 
in Section 2 the experimental results in .V-W collisions by using a kinematics 
based upon the fire ball model and we shall introduce several parameters which 
are useful to determine the structure and properties of the S-matrix. In Sec- 
tion 3, an attempt is made to determine properties of S-matrix parts by 
using knowledge obtained by a kinematical analysis. 

This kind of approach is a generalization of the method used in the inves- 
tigation of scattering problems, in which parameters characterizing the S-matrix, 


(9) The constancy of transverse momentum was discovered by J. Nisuimura in 1956 
(Soryushiroy Kenkyt, 12, 24 (1954)). | 

(") G. WATAGHIN: Phys. Rev., 74, 975 (1948). 

(*) E. FERMI: Progr. Theor. Phys., 5, 570 (1950); Phys. Rev., 81, 689 (1951); 
W. HEISENBERG: Zeits. f. Phys., 126, 569 (1949). 

(9) L. D. LANDAU: Dokl. Akad. Nauk (USSR), 17, 51 (1953). 

(7°) S. TAKAGI: Progr. Theor. Phys., 7, 123 (1952); W. L. KRAUSHAAR and L. J. MARKS: 
Phys. Rev., 98, 326 (1954). 

(4) P. Crox, T. Coguen, J. Grmeura: Ry HozyNsxi, A. JURAK, M. Mrmsowicz, 
T. SANIEWSKA, O. Sranisz and J. PERNEGR: Nuovo Cimento, 8, 166 (1958); G. Coc- 
CONI: Phys. Rev., 111, 1699 (1958); P. Crok, T. CocHeN, J. GIERULA, R. HoLyYNSKI, 
A. JURAK, M. Migsowicz, T. SANIEWSKA and J. PeRNEGR: Nuovo Cimento, 10, 741 
(1958); K. Niu: Nuovo Cimento, 10, 994 (1958). 
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the phase shifts, are determined by scattering experiments. The importance 


of this kind of approach may be clear if we remember the importance of phase 
shift analysis or of the characterization of S-matrix elements by using dis- 
persion relations. The attempt which we have done here is neither complete 
nor final, nevertheless the knowledge obtained on the properties of the S-matrix 
substructure provides us with many important suggestions on the mecha- 
nism of multiple production. For example, the deduced dependence of S- 
matrix elements on n, the number of emitted pions, seems to suggest that 
fire balls are produced as if they were elementary particles, independent of 
the details of their formation. The same situation appears in the fire ball 
formation in .N-N annihilation, which will be discussed in Section 4. 


2. — Kinematical properties of high energy jets. 


In this section we shall show that the main features of high energy jets 
can be derived from two simple assumptions. 

The most general mechanism of the multiple pion production in high energy 
nucleon-nucleon collision 


may be illustrated in nes (KE) = 
the center-of-mass system (BE) e = a 3 
C.M.S. by the graphical la Te ii: E 
representation in Fig. 1, cul 1 
where (*) 4, = (A, 4) is i | (4,45) 


the total energy-momen- CP,,é,) ue 

tum transfer between a Wanna 
nucleons, pa = (Po; Po), a were 

= (Py B,) and k= 
= (k,, &;) are the energy- Fig. 1. — Inelastic collision of two nucleons in C.M.S. 
momenta of incident and with formation of two fire balls. For simplicity we 


assume that recoilling nucleons have equal and oppo- 


recoil nucleons, and emit- > 
site momenta. 


ted pions in «branch » 
1 and DI = (=P: E); 
p? =(—p, E) and ko =(— k., &) are the corresponding quantities in 
« branch» 2. 
We call the group of pions emitted from each nucleon a fire ball and we 


define momentum, energy and mass of each fire ball by the expressions 
(2.1) Dk On, DECO 7/00, 


for branch (1) and similar expressions for branch (2). 


(*) We use the natural units #—c—1. 


56 - Il Nuovo Cimento. 
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Let us now consider a system of reference in which 
Dil Oi 05 De = VM > 4 - 
a 


We shall refer to this sytem as « fire ball system » FBS and the quantities 
referring to it will be denoted by *. 


201. Assumptions. 


Assumption 1. — The angular distribution of pion momenta k; in FBS is 
. . 2 Font *\ ite 
isotropic, and the average values (Ke = ko, <€,> = & are constant for all 
collisions, that is, 


ni 


(2.2) MED 
t=1 
The isotropy of the angular distribution of mesons in each fire ball was 
verified with a reasonablle accuracy (11) and the constancy of the mean energy 
of mesons is based upon the constancy of transverse momentum and the fact 
that the measured average values of transverse and longitudinal momenta of 
pions are practically the same in FBS. 


Assumption 2. — On the momentum transfer. 
Let us assume that the magnitude of energy-momentum transfer |A?— 
is not so large and in average 


A?! 


(2.3) <|A?— AD M: (M — nucleon mass). 


This assumption is based on Niu’s analysis (11) and perhaps it is in intimate 
connection with the structure of the nucleon or with the properties of the nuclear 
forces. The physical meaning of this assumption is still not quite clear, but many 
important results are derived from it. 

Now let us derive several kinematical conclusions from these assumptions. 


22. Results from energy momentum conservations. — Energy momentum con- 
servation for « branches » (1) and (2) are 


Pou — A,= Py, +@? for «branch» (1), 


Ou u 


© 


4) 
m2) / ae (2) (2) a n ‘ 
Dou WG MEN ae for « branch » (2), 


or in C.M.S. (see Fig. 1) 


| Ey — Ay = Ey + Qw , Po—A=p,+Q, «branch » (LS 


© 
on 


| Ey + 45 = Es +Q0, —p+A= P2+Q, «branch» (2). 
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Now let us derive many conclusions from these conservation laws and the 
assumptions made above. 


Result 1. — The energy-momentum transfer A , must be a spacelike 
vector. In fact as p, and @, are time-like vectors pointing to the future, 
pi += Py,— 4, must also be time-like. Therefore 


(2.6) — (pj, 4) = 2(po-A — Edo) + M?— (A — A?) > 0. 


ou 


In high energy collisions, E, > M, then (ps: A—EÆE,1,)>0 must hold by as- 
sumption 2. Therefore we get 


(2.7) Mere SB ie OF 


where 4, is the projection of A in the p, direction. By using this result the 
assumption 2 can be written as 


(2.8) M><|A|)— <4). 
Result 2. — A, must be always positive (1°), that is, 
0<x Papi 90%, 


Result 3. — On the upper limit of the fire-ball mass: .# 
Let us consider a system of reference in which 


max * 


(2.9) P1+ Qi = po — À +0. 
For simplicity we shall refer to this sytem as «isobar system » (1%) (IBS); the 


quantities referring to this system will be decriminated by « bars ». 
In this system, momentum-energy conservation will be 


(2.10) 


(2) When A, is negative for « branch (1)», then it is positive for « branch (2) ». 
Therefore, we can assume 4, >0 without violating generality. 

(13) If we suppose a hypothetical excited nucleon (Isobar) in intermediate states, 
then I.B.S. is the rest system of this isobar. 
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The mass of the fire ball will be maximum when p= 0. Therefore, 

(2.11) HAE MEA: 

Now, the left hand side of the above equation is nothing but the square root 


of the invariant quantity — (p — A)? in this special system of reference. In 
the original C.M.S. we have 


(2.12) M + Moo = V2(Po A+ EA) + M?— (A? — 43). 
Therefore, the maximum of the fire ball mass will be approximately given by 


| MENA 
(2.13) 


| My max on V2E,(4, Lot) n 


2°3. Multiplicity and its asymmetry. — From (2.2) and (2.13), the number 
of particles emitted in each fire ball is given by 


Ay A Mmm |, p V 28 (A, — Ao) 


= = ZI ; 
(2 14) €o M max €o Eo 
Msg M; M à max TIENI, ET A Ao) 
No = = . ~ E> à 
€o Mo max Eo Eo 


According to Niu’s analysis the mass of each fire ball is proportional to 
both E? and Al As & is a constant independent of the incident energy, it 
follows that € and &, should be constant with respect to Æ, and ZA 

When A,= 0 and é;= è, 
the number of particles emit- 
ted in forward and back- 
ward cones in C.M.S. will 
be the same. For such 
symmetric productions, the 


- 
È Fig. 2. — Experimental distri- 
bution of the multiplicity N* 

of charged particles as function 

100 2 5 1000 2 519000 2 5100000 2 of energy of one of the incident 
Elica nucleons in C.M.S.; from Ep- 

| i WARDS et al. (15). The straight 
lines correspond to different values of the parameter £ O primary proton jets (N, <2); 
@ primary «-particle jets (NV, <2); + secondary jets (NV, <2). . 


ST N | ESD AR el 
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number of charged particles is given by 


4 44/2, M,/E 
2.15 N*—-n = —— £— |/—2 3.06 EB? 
ae sg lf Fae, È Ean 
For & = 3.64 (*), A =1 M and E,,, expressed in GeV. In Fig. 2, N* is plotted 
as a function of the energy for several values of £. By comparing with exper- 
iments we find that the value of <é> is of the order of 0.5. Theoretically <&> 
is calculated by 


sia, A max 


(2.16) KE) al dani 2) dA? / na NOLL 


when the mass spectrum o(.#?) of the fire ball is known. We shall discuss 
this point in Section 3. 

When 4,4 0 the maxima of the fire ball masses 4, na and 4 will be 
different and in general é, and &, may also be different. Then asymmetry ap- 
pears. Recently considerable asymmetry of this kind was observed exper- 
imentally (74). By simple calculations, it is easily shown that the measure of 
this asymmetry <(m,— n3)?)/{(n,+ n3)?) is given by 


2 max 


(2 17) <a mee 2)? » phon? (Si CÀ $3)?) 705) (M1 max — My max)” 
Be (my ns) AKER | IAS) 


When 4 is small, we have 


<(M — No)? ESTE | (A5) 
— land ti = = = 
<(ti+m)2> 26> 4445) 


Consequently, the parameter <(n,—7,)?>/<(m+%.)?> gives upper limits for 
<&*>/<é>2 and <Ai>/<A>. Unfortunately no experimental values of this para- 
meter are yet available. But even for such a very large value as 


(ny, te n2)?) = È , i 0.9 < Li 
CE» 


SELE etl, 
(nm + m)) 3 


holds. Therefore <é25? is practically equal to <é>. This means that the second 
moment ( | M*0(M*) AN DL of the mass spectrum is of the same order of magni- 
tude as the first one. 


(*) «= pion mass. 
(14) Informed by Prof. G. WaragHIN. Calorimetrie exp. 
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2°4. Inelasticity. — In the symmetric case the inelasticity is defined by 


a 7 On (807, Wio 
2.18 = —C_ — —.-.,; n. 
ese) Lap, = Mi EEDA EA Aes 


By Lorentz transformation we have 


[BV VF) 


ko 


19) 


| Oo — y(Vp? + A sya) 
K is expressed by quantities in IBS: 


VP:+A°-V:p _VIi+4°[p°— cos8_ V1+.4:/p°—7 


(2.20) K 


 VEFAIVPIM Vit dip ti ~ Vit ap 


By using energy-momentum conservation (2.10) in this system, the ratio 
|p|/-@ is expressed by the parameter &: 


(2.21) fie ress 
M 2E 
Then (2.20) turns out to be 
20 
18L (2.22) Tt ere 
I 6 as 
ra o According to the Bristol 
x 
12L : ein group (5) the lower limit of K at 
Riyt SS Ses 2h Vase 10% eV is about 0.2 (see Fig. 3). 
0.8 + js Then È will be — 0.45 which 
x 
0.6 | megs 
0.4 x Le §=0.5 
fn Ca CEA RER ee : : 
0.2 x ®, 0%? §=0.25| Fig. 3. — Experimental distribution 


I ia i a of the inelasticity K as function of 
(en PTS 0 2 5 100 2 5 1000 the Lorentz factor y, of the C.M.S. 
Ve of the two colliding nucleons, accord- 
ing to EDWARDS et al. (15); x secon- 

dary jets (charged): @ secondary jets (neutral); © primary jets. We see that at 
high energies 0.1 < K <0.4 the straight lines represent the lower limits of X for the 


e 


three values of £ considered in Fig. 2. 


(15) B. Epwarps, J. Losry, D. H. Perkins, K. PINKAU and J. REYNOLDS: Phil. 
Mag., 3, 237 (1958). 
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is in agreement with the value estimated from multiplicity. From Fig. 2, 
È seems to be a decreasing function of energy. For £= 0.5 the ratio [p|/M 
will be — 1. Then the ratio of the energy of the recoil nucleon, to the trans- 
lation and internal energies of the fire ball in IBS will be 


VP? + M?:(VNP+ MI M) M =1:04:1. 


This means that approximate equi- 


ne 5=180° 
partition of energies holds for the 10 5 550 
three possible degrees of freedom. 0.9F 
0.8 
Ì 0.7 
1 0.6 
K K 
0.5 
i 0.4 
5 ! 03! 
146 0.2 |} ---------14%-------------- 4 
a ot! 
L 4 0 1 1 1 1 1 1 L 
0 ; c 
0 180 O 01 02 03 04 05 06 0.7 08 09 10 
6—» ARI 
Fig. 4. — Angular distribution of the Fig. 5.— Variation of the inelasticity}K, with 


inelasticity A, as function of the angle the parameter £ for several values of 0, the 
of emission of the fire ball in I.B.S. angle of emission of the fire ball in I.B.S. 


K. depends on the angle of emission of the fire ball: 


cos 0 . 


IE 
ee SO où 


di 


(2.23) K 


The fluctuation of Æ comes from that of £ and 0. It is calculated as 


1 + <cos o) 1 — <é*> 
ua So 2 NSE Le cae Zs 


») s) 
di 


di 


(12 = (COs dì 


© 


.24) AK — Lera eG ee = 


This gives upper limits for the fluctuations of £ and 0. For example AK seems 
to be ~ 0.2 at 102% eV. Then 1— cos 0, < + and 0, < 60°. This result shows 


max max 
that 0. is not necessarily small as usually supposed (11). 


2°5. Transverse momentum and angular distribution of fire balls. — Let us 
denote by e, and e the unit vectors parallel to p, and Q, respectively and by k* 
the momentum of a pion in FBS. 
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In C.M.S. the momentum of the pion will be given by 


k= k*+ e[(e-k*)( 


Vs dl) + Va Vee] 


where V, is the velocity of the fire ball in C.M.S. and y, is the corresponding 


Lorentz factor. 


The average value of the transverse momentum 47}= (kx)? will be 


given by 
/ 72% 2 2\ 2 kr i gh 8 LA 
(2.26) Ch = 3 (ED (ex 25)? | (v2 — 1) acne PE a) 


using assumption 1. 


For very high energy, p, and p,—A, because of assumption 2, are prac- 
tically parallel and so we can write 
Li a en as 
(2.27) kr) = 3 Ris + (E) sin? 0 È + “| 5 
where @ denotes the angle of emission of the fire ball in IBS. 
If 0=0, <k?» = k? which is consistent with experiments (11). 

However we have shown that 
6< 60° and so 9-0 is also possible 
and in fact it has been observed 
recently in a jet of —10#eV that 


180° 


Fig. 6. - Angular distribution of the 
relative average value of the (square) 
transverse momentum. 0 is the angle 


of emission of the fire ball in I.B.S. 


(5) H. W. MEIER: Nuovo Cimento, 11, 


the the direction of 
motion of the two fire balls is — 7° 
in laboratory system (16). 

In this order to have 
<ki> = ki we must exclude the possi- 
bility that |p|>>.@. Now |p|<A 
gives a very high inelasticity by (2.20) 
and so in order to obtain the correct 
values for inelasticity, transverse mo- 
mentum and multiplicity, |p|~ad 
seems to be very probable. 

In Fig. 6 we give the angular de- 
pendence of <k?). 


angle between 


case in 


308 (1958). 
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3. — Properties of S-matrix elements. 


The purpose of the present section is to derive the properties of S-matrix 
elements responsible for multiple pion production by using knowledge ob- 
tained from the kinematical analysis given in the previous sections. In the 
kinematical analysis appeared three kinds of important parameters 4, é and eo. 
These parameters depend on the structure and the properties of S-matrix de- 
scribing the process. 


3'1. General expression for cross-section. — Corresponding to Fig. 1 we intro- 
duce just as an assumption that the matrix element of Moller’s (1) invariant 


collision operator for our process has the following form: 


(3.1) Gl Ea) res <p? |1,(A )|p®, AE: D V(A Gi A)| p®, po iS 


where V(A) is essentially the matrix element of nuclear force. Then the cross- 
section of the collision can be written as 


(3.2) o= a faraiv À) |? > my re [jz | > 204 (p6” p® LkD_ A) 
E, Ca Il v 


"STA Ce] n dk; <|I®|) 1 04(p5 OR 


lla 


3 i ni |V(A) 2 X FRA) DIL A): 


By introducing new variables Q,, J,(4) can be written as follows 


3 n_dk; 
(3.3) AA [facon — » — 4-0 TT |crppace- 28) = 


J'i=1 & 


= 2 d!064(p) — p —A—Q)F (po, J, Q) - 
1 


3°2. Mass spectrum of the fire ball. — Let us now obtain information about 
the invariant function which in FBS can be written as 


pee Np At hie ki? 
TAI] 


(3.4) Zipi, 4,4) = nS 


(7) C. Motier: Kgl. Dan. Viden. Selsk., 28, no. 1 (1943); 28, no. 9 (1946). 
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By using the relation @,= V Q?+.# the integration over Q, can be replaced 


by integration over .@. Then (3.3) turns out to be 


A? dp, 
(3.5) In(A) =|) ee A 7 O*(Po cal Le: 11 Q) F, (po: A; Q. M). 


After integrating over p,, we get 


In IBS (3.6) is written as 


Ey— 4 (Hy — Ay)? 
+ 
21 | a(cos 8) FU Po) 4} AM, cos 0) . 
1 


Since we have 


VIE: — 40° + 4 MP LA ER 4 _ E dA 


2 (Ly — 16) ~~ 2(E,— Ap) È. 


(3.8) Q= 


the result of the |Q/|? integration can be written as 


M max 
M? ~ 

3.9 If, A SÙ n M? pa 9 41, MN 4 
( ) ( ) dl € (1- (Ar à) I (Po te MU) 

0 
where 

+1 
(3.10) P, = fatcost) E, Por A AG cos A) : 
Si 


Thus the mass spectrum of the fire ball is obtained: 


(3.11) o(M?) = >(1- n Ppo A, A). 
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Then the parameter <&?> will be calculated by 


M max 
> J ti (1 pa M° VA a) ax Palpo, A, A dA? 
(3.12) ee) = = 4 SES s ar 


iene = 
(<= va ASE 7 M) AM? 


n 0 


rale 


x(1 = %) da > Pal Minn x) 


ja) x uo M. x) 


n 


If 7, is independent of the fire ball mass 
CE) >i = 0.33. 


Be <E?> ~ 0.25 in the 101% eV region, ae. seems to be a constant or a very 
| slowly decreasing function of .#. È 

| From this phenomenological restriction much important information on 
| the properties of matrix elements <|Z|> will be deduced in the following sub- 
+ section. 


3°3. n-dependence of the matrix elements. — In the previous subsection, we 
examined the properties of 


kr 
# (3.13) EA Dan el) = Tl? P, (po, A*, ki, ..., KE) 6(X'k*) 6( 4 — Le), 
as a function of .#, where 

(3.14) P, = |<... | L(A) |...) |? 


| Now, let us investigate the n-dependence of F,(#) for a given value of .#. 
For this purpose we shall calculate <1/n> and <(1/n?) — <1/n>*>, which charac- 
i terize the distribution of P,. 

| Consider the following sum: 


| ON] il n dk: n 4 % ze ni 
3.15) SES] pi, A*, Ke... Be) 6(Zk*) 6M — Do%) . 


n=1 0 ME 1 n al so 


(3.16) 


ete" dk SUP 
55/06 P,d(2k*) (MA Xe*) > ef. 


tak Le a 


DI 
ray 
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As the integrand is a symmetric function of the k*s, this turns out to be 


Ei Old ¥ pose 
7 ME fs = a ie 
(ale 25 fe a P,O(ZK*) 6(M — Le*) = — 7% 


Hence, we get 

TRS Ke Eo 
3.18 Siae e 
eee) G TAH Mh, 


In the same way, we can calculate 


yy 0) ¥ (am) (Se P.I (Akt /e*)d(DK*)) (MA Ne*) 
(3.19) =; 2 et ee ini Ln 
n 


On account of the symmetry of the integrand, es e) 2 can be transformed into: 
i=1 


n 
À k2 È ie + * 
(3.20) iy ei) n ei + n(n — lene = ME, Ey + ner — €,€3) - 


d=1 
Then, we get 


VIN a 
(3.21) ape 


(1/A)X(AN)f(e— ef &3) P.I I( re Ô(Zk*) 6( MH — Le*) 


Cei és + - ee — i = = RP 


De Lai 


In the second term of the right hand side, .@ > > e* can be transformed as 
follows: 


a 96 * 7 ko at FD % à 
(3.22) Dale — sie) > ner?— eve. )e 


Then, we get 


+2 * 7 #3 
Ctr + Ser! ét es) es) 4 Ser + 261 63 es — Ser" ee 
M? M3 ui wz — CO: 


by repeating the same procedure. 


By using (3.18) and (3.23), we can calculate th i i 
g é 3.2 ig ate the fluctuation of 1/n in power 
of 1/4: Fr 


(3.24) (1 GY) Cel ei) — en, (etat) 9 (er 
n° n AM? | 43 4 fe ; 
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or 


À (3.25) eta 2 : Im) _ re x oe | o): 
(1/n} CET) <2 Es 

We see that the fluctuation in the 1 /n distribution at very high energy is ex- 
pressed by the correlation of the pion energy in the fire ball. It is plausible that 
the correlation in energy is small when the number of mesons is large and 
à then the first term in (3.25) will be negligible. That is, in very high energy 
collisions, the width of the distribution F, over n will be very small compared 
{ to the average value. In such cases, we may approximate F, by 


z O(M — NE) - 


€o 


| (3.26) | F(pé, A*, 4) = F.(pî, 4*, ne) 


By inserting (3.26) into (3.9), we can calculate the matrix element of 
ij « branch (1) »: 


AM max 


M?\ FF 
AE Eo 


# (3.27) IA) = | dA? (== dA n&) = 


0 


~ n? 
= 2aF,(Ppo, A, nes) (1 RA ) 


Nmax 
| As > F, is constant or a very slowly decreasing function of 4, 
n 


Il ~ ~ M 
(3.28) Dpr Ape ne), n= —. 


€) 


is also a very slowly decreasing function of 7 —.#/e. 

By using these knowledge deduced from phenomenological considerations, 
| we can estimate the parameter <(n,—m;,)2>/<(n + n,)?). For this purpose, let 
il us calculate 


| NI max 3 
| n 
| (3.29) DI TOA IT (= A) (1 + Nz)? oc | Ni dn, (1 aa * È 
| ning N max 
0 
Ng max 
à 
Ne An» | 1 = ) (meme) = 
Ng max 
0 
1 1 


— Mi malle far = 2°) fu dy(1 — Y2)(11 max® + Ne maxY)? 5 


0 


by ignoring the slowly decreasing function f,. 
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Then, we get 
1216 2% max%2 max 


(my ah >) > 15 X 15 ni max + ns max 
(3.30) “(ma + Mo ,)2 ir Lu ex X 16 2 mala max 


| 
15 X 15 NE max + Me max 


When A,= 0, that is, when #,max = Nymax 
ton (£ (ni — M2)? Fa 
Fi (Ma + Ne)? 3.5 


È p sr 
For example, in a collision of n,+ n, = 35, the probable difference <(n, —m,)?) 
will be 10, that is to say a large asymmetry like n,= 22, n,=13 occurs 
rather frequently even due to statistical fluctuation alone. 


34. Analysis of matrix elements and approximate universality of fire balls. — 
In order to get more detailed information, we shall analyse the collision oper- 
ator, 


(3.32) <|I(A) > = VE @(p) M,,(Po, Ps A, kn... Kn) up) VE, - 


As this matrix depends on n-vertices of x-.N interaction, we shall put 
TÀ n 
€ x! È 
(3.33) Mie (Ms) (4) : 


Then, M,, does not depend explicitly on y; any more. 


o 
Now let us expand M,,, into y-algebra. By using the possible 4-vectors, 
the most general form of the expansion will be 


(3.34) M,— A+ By (ap + Bp +44 + Yok) + 
l 


" 

+ 07 (a'po+ B'p +...) y ("Do + B'p +); 
where A’, B,, a, B,..., ete., are coefficients of expansion. Since M, isa sym- 
metric function of the k’s, all 0, must be equal. Then there appears dk, but 
this sum is expressed by another vector as Xki=P.—P-A. Among the 


l 
remaining vectors, y+ py and y-p are replaced by M. Therefore, the only remain- 
ing y-dependence is y:4. Now, M, will be 


; ‘ 2 ! y! 
(3.35) 1 es ATL B,(y: A) + C,(y: A)? + aon = 4 de 157 Ae: 5) 
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where A, and B, are linear functions of M, given by 


1 
(3.36) An= 7 Tr (Ma); 


Next, let us expand A, and 5, into series of orthonormal wave functions 
Y,, of the fire ball: 
(3.37) Alp pel RE ven) a (pp A) Yank) 
Ee 


1 


where J’ is a set of quantum numbers describing the states of the fire ball: 
r= (J, Js, È) 3 


Here, J and J, are total angular momentum quantum numbers of the fire 
ball and ¢ denotes the set of remaining quantum numbers, such as quantum 
numbers describing charge states or states of subsystems, etc. 

We shall assume that the fire balls are spherically symmetric and that 
they have no angular momentum: J=J3= 0. We shall thus neglect the 
terms with J#0. Then, M, can be written as 


A 
(3.38) My = (a+ à E of) Poet. 4. 


s 


As the total angular momentum is zero, the wave function ‘4, is scalar. There- 
fore, this decomposition of M, into Y. and a;+i(y:A/M)b> is an invariant 
procedure. 

Inserting (3.38) into (3.32), squaring and integrating we get 


DE 
=. 


pe À 
(ai +4 oa vi) AU 


By averaging over all possible €, 


(3.39) P,=Y 
ë 


12 a\n f° * 
(E) [iver TT 02483 (A — Ze). 


Dies €; 


| 
Ì 


LE 
(3.40) P,= Y — 


Spin À 


Pe: E - A à 2 an 
(27 (a. + v sn 2) V5Uo Ge 7 x 


“five Ti eT ot Ke (Lk*)6(4 — Le*) , 


where g. is the statistical weight. It is easily shown that y, in (3.39), (3.40) 
disappears when |p,)|> M. 


i=) 
n 
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Now, F, consists of two parts: 
Ti k k # * 3 
(3.41) F.(Pi, A* A) = GP 4 @)ZA4) ; 


where 


(Bao AVE (2) ef ricer. 5) ki) |° IT” À (2h) AM 26) 
n 


may be called the « partition function » of the fire ball. By inserting (3.41) 
into (3.9) and (3.10) we get 


M max 
i M? 
(3.43) JA) = afa (1 - VA Ja n(Po, A, MZ(A) . 
0 


With these preparations, let us now investigate the main problem of this 
sub-section. Consider the mean value of n: 


È nGn(pi, A*, W)Z,(M) 
(3.44) 


pe dll = SE BR, AX, DA 


n 


which is equal to .#/e, and so it does not depend explicitly on pj and A* but 
only on .#. The right hand side of (3.44) may, in general depend on pi and A*. 
Now, our problem is « What is the condition by which «n>, 4 will be inde- 
pendent of pi and A*?» 

The simplest solution is to assume that G, is independent of n or, at least, 
up to a universal function 2,(.4#) of .# and n 


(3.45) CANI d'A) Gp oa RO ie 


Then, (3.44) reduces to 
DI NenZn 
alt : 

; 16 
SY Lin 


(3.46) Cn 


which depends only upon .4,. 
Physically, (3.45) means that: 


1) The probability of the production of the fire ball G(p,, 4A*, A) does 
not depend on the details (for example, on n) of the fire ball. It depends only 
upon the mass .# and total momentum @ of the fire ball. This means that 
the fire ball is produced as if it were an elementary particle. 
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2) The properties of the fire ball dc not depend on the details of the 
collision by which it is produced. In this sense the properties of the fire ball 
are «universal»; and multiplicity is essentially determined by the properties 
of the fire ball. This situation is very similar to the virtual production of a (3, 3) 
isobar in x-N or y-N collision. This universality is much more general. The 
properties of the isobar do not depend on the mechanisms of production. 

The same situation seems to appear in the case of the fire ball. The fire ball 
with the same properties seems to appears in the final state od N-N annihil- 
ation. This point will be discussed in the next section. 


4. — Similarity of multiple productions in high energy .V-.V collision and in N°-.N 
annihilation. 


Now, let us suppose that our process of multiple production in N-.N col- 
lision proceeds in the following two steps. 


1) Formation of an excited nucleon («isobar») by the collision of an 
incident nucleon and pions surrounding the other nucleon. 


2) Decay of the excited nucleon into a nucleon and a fire ball. 
In FBS, the last step of our process 
can be characterized by the following 


M 
scheme: een 
4 > 
Isobar ins oe. 
: ap \ PI T = > 
Isobar + Nucleon + Fire ball P ve | 0, p* 
E lf. rates È 
Momentum p*— p* 0 + M E 
rose 


Energy E* +4 > E* M 


That is, the momentum of the «nucleon » does not change, the only change 
happens in its mass. The change of the mass energy will be deposited at the 
point of decay, and a fire ball will be formed around this point. This decay 
process seems to be similar to the .N-N annihilation process. Let us examine 
this similarity in more detail. For that purpose we shall examine the velocities 
of the relevant particles. On account of the Lorentz invariance of Q,P,, E* 


is expressed by quantities in IBS: 


DO Qp _ Vp' + MVp A+ pt. E (1- Vars €). 
> — % ATF es 


(41) E*= 


Therefore, the Lorentz factor of the nucleon y, will be 


an GEE) 


57 - Il Nuovo Cimento, 
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On the other hand, the Lorentz factor of pions in the fire ball is 


(4.3) Ve == 


Therefore, 7} >y7 holds in very high energy collisions. This means that the 
nucleon will go out from the fire ball in very short time after the decay. Hence, 
the structure of the fire ball will not be affected by the presence of the nucleon. 
This situation of pion cloud is very similar to the final state of the N-N an- 
nihilation. 

Next, we shall calculate the Lorentz factor of the hipothetical isobar y*. 
This is simply expressed by the quantities in IBS: 


(4.4) 


H* + M / D? 
vs V(E* 2 22 | LE Fe. 
EAP — pe 


In the case of equipartition, y* = 1.4. That is, the isobar is nearly at rest 
in the fire ball system, and Lorentz contraction of the volume of decay inter- 
action is negligible. This is also a point similar to .N-N annihilation. 
There exists much experimental evidence supporting this analogy. Ac- 
cording to recent measurements (78) of k, in relatively low energy collisions: 


(4.50) > = (308 + 23) MeV/c = (2.2 + 0.2)u, 


which is very close to the mean value of the pion momenta emitted in N-N° 
annihilation (1°) 


(4.50) <k> = 316 MeV/c. 


This similarity suggests the formation of fire balls with similar structures in 
both processes. 

Another evidence is a regularity discovered by KANEKO and OKAZAKI (2). 
These authors plotted reduced multiplicity N*/K (number of charged particles. 
divided by inelasticity A) as a function of the incident energy E, in the C.MS. 
in log scale (see Fig. 8). Then, all experimental points seem to line up on the 
same line. They also plotted the multiplicity of the N-N annihilation by assum- 
ing that this process corresponds to the high energy collision in which the energy 
available for pion production is 2M. (In the laboratory system, this corresponds. 


(5) L. F. HANSEN and W. B. FRETTER: Phys. Rev., 118, 812 (1960). 

(9) W. H. BARKAS et al.: Phys. Rev., 105, 1037 (1957). 

(2°) S. KANEKO and M. OKAZAKI: Nuovo Cimento, 8, 521 (1958); D. Iro, S. MINAMI 
and H. TANAKA: Nuovo Cimento, 9, 208 (1958). 
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to a 6.5 GeV N-N collision.) Then, this point also comes on the same line 
(see Fig. 8). 

This regularity also supports our point of view. If we assume that the 
collision is symmetric, then two fire balls with equal masses will be formed 
by a 5.6 GeV collision. Moreover, if we assume that the properties of fire balls 
are independent of the mechanism of its formation (for example, <k,> =<Kk)). 
then the multiplicity of the 6.5 GeV collision will be 


(4.64) INDI = 2<n> = PSA ; 
Va) spa 
which should be compared 
with the multiplicity in N-N 
annihilation 


MODERNE = ESE 

/ CT? + 12 

Of course, these two values 
must be the same. 

As is well known, a sim- 

ple statistical theory of mul- 


@ bo MO, 29365 
tiple production can not cor- vete 


M 
rectly predict the multiplicity 


in N°-N annihilation, and the Fig. 8. — Variation of reduced multiplicity N * IK 
: with y,—1; from Ito et al. (2). O cosmic ray 


predicted anerase DIOY momen: data; © GeV p-p collision; @ p-p annihilation. 


tum <k> is too large. There- 

fore, the presence of some 

cut-off mechanism was anticipated. This situation does not change for jets, 
where <k,> does not increase with the energy £, as predicted by the statis- 
tical theory. k* seems to be cut-off. It seems therefore, natural to assume 
that the mechanism of this cut-off is the same and independent of the creation 
processes. 

As the only particles existing in the final state of N-.V annihilation are 
pions, the density of which is very large, and as their relative momenta are of 
the order of several hundred MeV, it seems then that the pions are in favour- 
able condition for pion-pion interaction. Therefore many attempts (2!) have 
been made to interprete the possible cut-off by introducing pion-pion interaction. 


(21) D. Iro and S. Minamt: Soryusiron Kenkyn (1957); F. CERULUS: Nuovo Oimento, 
14, 827 (1959). 
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Now, if pion-pion interaction plays an important role in N°--N annihilation, 
then it will also be important in the fire ball formation in high energy col- 
lisions. 


5. — Concluding remarks. 


We shall summarize and discuss the main conclusions obtained in the pre- 
ceding sections. 


1) One of the difficulties in the problem of multiple production consists 
in its tremendous degrees of freedom. But after the discovery of two centered 
production of particles, it was recognized that the actual number of degrees 
of freedom is not so large. And if we take advantage of this fact, then there 
appears a possibility of characterizing the S-matrix by a relatively small number 
of parameters. 


2) As we have shown in Sections 3 and 4, the properties of the fire ball 
are universal and it is produced as if it were an elementary particle. Perhaps, 
pion-pion interaction has an important role in the formation of fire balls. But 
even if this is true, a theoretical analysis will be very difficult because the fire 
ball system is essentially a many body system. His properties are described 
by a partition function Z,(.#) and one of the tasks of phenomenological anal- 
ysis is to investigate the properties of this partition function. 


3) On account of the possibility of treating the fire ball as ifit were an ele- 
mentary particle, the degrees of freedom of the collision will be reduced and 
it will be equivalent to the N-.N collision in which two new particles with 
indefinite masses are produced, the mass spectrum of which is the partition 
function Z,. 


4) By introducing the momentum transfer À and dividing the process 
into two parts, it proceeds in two steps such as, 


T+tNSN+M; A = fire ball. 


In the center of mass system of this collisions (IBS) there are three kinds of 
degree of freedom: 4, 0 and.# (or the parameter È which describes the partition 
of energy between the translational and the internal degrees of freedom.) 


5) In this paper, we have tried to characterize the S-matrix by the 
average and some higher momenta of the distribution of the S-matrix in these 
degrees of freedom, and fixed some of the parameters by comparing with ex- 
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periments. By using these results the other properties of the process are 
predicted. 


a) In Section 2, we have assumed <|A|) = M. This may be con- 
nected with the structure of the nucleon but we have made no analysis on this 
point. Nevertheless, many important conclusions are derived from this as- 
sumption which were compared with exepriments. For example, the max- 
imum of the multiplicity will be proportional to VE, and the fluctuation of 
n partly comes from that of 4), which will be characterized by the second 
momentum of the distribution of the S-matrix. 


b) The angular distribution S(0) is not fully discussed. From the analogy 
with z- scattering, <0) may be small. But this angular distribution will 
be clear by the analysis of the asymmetric production (angular distribution) 
of the fire ball. 


c) In this paper, our main efforts are concentrated on the phenomeno- 
logical analysis of the é-distribution. The mean values <&> and <£2) are respon- 
sible for multiplicity, the lower limit of inelasticity, their fluctuation, ete. 
From the value of <£> fixed by experiments, we can conclude that an 
approximate equipartition holds in IBS (see Sections 2 and 3). We get also 
some information on the n-distribution of the S-matrix. 


6) The main purpose of the present paper is to propose the method of 
analysing the high energy multiple production in terms of the S-matrix and to 
give illustrative examples, showing the usefulness of this method. Therefore, 
the analysis could not cover all the phenomena. A more comprehensive analysis 
along this line will be published soon. 


In order to understand the high energy multiple production in more detail, 
the next step will be to develop a dynamical theory starting from first principles. 
We have to explain why the assumptions 1 and 2 hold in high energy colli- 
sions. The total cross-sections may be of great interest too. We shall come 
back to these problems in the near future. 


We would like to express our sincere thanks to Professor G. WATAGHIN 
for his illuminating discussions during his stay in Sao Paulo and to Pro- 
fessor M. Mresowicz for his kind informations regarding the two-center 
model. Two of the present authors (D.I. and T.M.) deeply appreciate the 
hospitality extended to them by Dr. J. H. LEAL FERREIRA, President of 
Instituto de Fisica Teòrica, Sao Paulo. 
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RIASSUNTO (*) 


Facciamo un tentativo di analizzare, con considerazioni fenomenologiche basate 
sul modello a due centri, la struttura degli elementi della matrice S per la produzione 
multipla. Partiamo da due ipotesi: 1) le distribuzioni della quantità di moto dei pioni 
emessi nel cono anteriore e posteriore sono isotropiche in ogni sistema rispetto al centro di 
massa (il sistema di riposo della sfera di fuoco) e i valori medi ¢, delle energie dei pioni 
in quei sistemi non dipendono dai dettagli delle collisioni; 2) il valore medio del tra- 
sferimento d’impulso À è sempre dell’ordine della massa M del nucleone. Da queste 
ipotesi deduciamo nella Sez. 2 i seguenti risultati: 1) la molteplicità è data da 
n HEV 28, |A|/eos in cui € è il rapporto W/Mm.s fra la massa.# della sfera di fuoco ed il 
suo valore massimo Amx. Sperimentalmente É=0.5 a 10! eV; 2) il limite inferiore 
dell’anelasticità è dato da K >£2. Discutiamo la relazione fra molteplicità ed anela- 
sticità; 3) nel sistema del centro di massa della sfera di fuoco e del nucleone di rinculo 
(« sistema isobaro », IBS) anche il rapporto |p|/# fra il momento p del nucleone e la 
massa./ della sfera di fuoco è espresso dal parametro £ nella forma |p|/M=(1— £2)/2£ 
A 10% eV abbiamo |p|/.#=1. Questo significa che l'equazione dell’energia è appros- 
simativamente valida per i tre gradi di libertà possibili: il moto del nucleone di rinculo, 
il moto di traslazione e quello interno della sfera di fuoco. |p|<-M è escluso, a meno 
che K sia uno, in contrasto con gli esperimenti; 4) quando vale l’equipartizione, il valore 
medio dell’impulso trasversale è costante ed il suo valore è dell’ordine di ¢,. Nella Sez. 3 
discutiamo la dipendenza della matrice S da.@ e da n. E, usando i corrispondenti 
risultati, stimiamo l’asimmetria dei numeri di particelle », ed n, emesse nei coni ante- 
riore e posteriore. Il parametro [<(n, —m)?)/<(n+m))f, misura dell’asimmetria, 
diventa + a causa della sola fluttuazione statistica. Diventa maggiore se il trasferimento 
di energia A, non è nullo. Discutiamo anche le condizioni alle quali il valore medio &, 
dell'energia dei pioni nella sfera di fuoco è costante. Le proprietà della sfera di fuoco 
sembrano essere indipendenti dal meccanismo con il quale si produce. Estendendo questo 
modo di vedere, nella Sez. 4 discutiamo la similarità fra la produzione multipla nelle 
collisioni N°-N e nelle annichilazioni N-N. Nella Sez. 5 esponiamo le conclusioni. 


(*) Traduzione a cura della Redazione. 
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(n,#) and (n, p) Reactions in CsI Crystal with 14 MeV Neutrons. 


G. M. MARCAZZAN, E. MENICHELLA SAETTA and F. TONOLINI 
Laboratori C.I.S.E. - Milano 


(ricevuto il 1° Febbraio 1961) 


Summary. — This paper will present the energy spectra of « and of 
protons emitted in (n, «) and (n, p) reactions with 14 MeV neu- 
trons on a CsI(T1) crystal. These spectra were obtained by employing 
a new method of mass discrimination to distinguish different particles 
in the CsI(TI) crystal. Total cross-section value for (n, «) reactions 
has been also obtained. 


Introduction. 


The number of data accumulated from recent experiments on n, p reactions 
produced by 14 MeV neutrons, on various elements, especially light and me- 
dium, have furnished the possibility of a good comparison with the previsions 
of the statistical theory (1?) and an estimate of the contribution of direct 
effects (3). 

Experimental data on the reactions (n, «) can give further interesting in- 
formation on the mechanism of the nuclear reactions at medium energies and, 
in the case of evaporative processes, on the densities of the energy levels of 
the nuclei. 

While the cross-section values for a certain number of elements are known, 
though inconsistent sometimes, the angular and energy distributions of emitted 
particles have been observed only in some cases (*). For nuclei with Z> 50, 


) U. FaccHINI, I. IorI and E. MENICHELLA: Nuovo Cimento, 16, 1109 (1960). 
) D. L. ALLAN: Nucl. Phys., to be published. 

3) L. Corri: Suppl. Nuovo Cimento, 16, 67 (1960). 

) I. KumaBE, E. TAKEKOSHI, H. OGaTA, Y. TSUNEOKA and 8. OKI: Phys. Rev., 
155 (1957); Journ. Phys. Soc. of Japan, 13, no. 2 (1958). 
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however, the spectra of the emitted particles are not known, and this is due 
to the difficulty of creating an adequate technique that will obtain the desired 
information with good statistics, since the cross-section for reactions (n, «) is 
very small in these cases (°). ; 

The present work describes a measurement of the spectrum of «-particles 
emitted in reaction (n, x) and produced in a CsI(T1) crystal. The identification 
of the «-particles among the various other particles (electrons, protons, 
deuterons) produced by the irradiation of neutrons in the crystal, was made 
possible by a discrimination technique based on the different shape of scin- 
tillation pulses in the CsI(TI) crystals. 

Parallel to the a-particle measurement a spectrum of protons from 
(n, p) reaction has been obtained. 


1. — Experimental layout. 


The 14 MeV neutrons are obtained from a *H(d,n)*He reaction, with a 
beam of deuterons produced by a 150 kV accelerator. 

Deuteron currents of a few uA are sufficient for the measurements discus- 
sed here. 

A CsI(T1) crystal, 4.3 em thick and 3.8 cm in diameter, acts simultaneously 
as target and detector for the reaction under study. It is directly coupled, 
by means of a silicone oil optical contact, with a Dumont 6292 photomultiplier. 
A thin layer of aluminium (0.18 mg/cm?) serves as a light reflector. The crystal 
is placed at a few cm distance from the tritium target and is directly bom- 
barded by the neutron beam. 

The neutrons generate a great number of pulses in the crystal, a great 
part of which is due to secondary electrons of y-rays, or to 8 radioactivity, and 
another part is made up of protons, deuterons and «-particles produced in 
the various nuclear reactions. The method used for separating the various 
particles, described in the next section enables us to separate the various types 
of pulses, particularly those due to «-particles. 

Once separated, these pulses are sent to a 100-channel analyser by means 
of which the energy spectrum of the examined particles is obtained. (Fig. 1 
shows a block diagram of the electronic apparatuses). 

Measurements have been done on the «-particles spectrum and on the 
proton and deuteron spectrum. Deuterons have not been separated from 
protons because of their small number. 


A sealer performs counting over a prefixed threshold; it is possible to 


(5) R. F. Coreman, B. E. Hawker, L. P. O’Connor and J. L. PERKIN: Proc. 
Phys. Soc., 73, 215 (1959). 
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obtain, the flux of neutrons being known, the value of the average cross-section 
of (n, x) reaction on the crystal. 


e) 


clipping line 


delay line 


pulse shape 
analyzing circuit 
ARC 5 


coincidence gate 


cathode ray tube 


100 channels 
analyzer 


oes 


scaler 


cathode 


X input Yinput 


Fig. 1. — Block diagram of the electronic chain set up for energy analysis of « particles 
and protons. 


The flux of neutrons is measured with a spectrometer, of the recoil 
proton type, which uses a thin sheet of polythene as radiator and a CsI(T1) 
crystal as detector. Because it gives a well-defined peak of 14 MeV neutrons, 
this type of monitor is particularly stable in time, and does not undergo small 
changes whether of gain in the amplification chain or of the discriminator 
level. 


2. — Separation method. 


A certain number of recent studies has shown (**) how the temporal shape 
of the luminous emission of many scintillators depends on the specific ioni- 


($) F. D. Brooks: Prog. Nucl. Phys., 5, 284 (1956); New Instruments and Methods, 
4, 151 (1958). 

(7) G. P. WricHT: Proc. Phys. Soc., 69 B, 358 (1956). 

(8) R. B. OwEN: Proc. of Scintillation Counter Symposium (Washington, 1958); 
Proc. IRR, NS 5, 3-4 (1958). 

(9) R. S. Srorey, W. Jack and A. WARD: Proc. Phys. Soc., 72, 1 (1958). 
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zation of the ionizing particle. In recent years, various methods (6810-12) have 
been developed which permit the separation of scintillation pulses due to 
particles of different mass. 

In the case of CsI(T1) Storry and co-workers (9) have found that the 
fluorescence decay due to an ionized particle can be described with a good 
approximation in terms of two exponential components: one fast (responsible 
for the greater part of the luminous emission) and another slower. 

The former depends on the specific ionization of the particles and has, 
for instance, a half-life of (0.425 + 0.025) us for 4.8 MeV «-particles and 
(0.7 + 0.025) us for 0.66 MeV electrons respectively, while the latter proves 
to be independent of the density of ionization. 

On the basis of this difference in the temporal shape of the pulses, a device 
to analyse them has recently been developed in our laboratories by L. VARGA (*). 

We discuss here simply the lines of this method. 

The signal S that distinguishes the various particles is obtained by a 
suitable combination between a pulse representing the total light emitted in 
the scintillation and one corresponding to the fraction of light collected from 
zero time to a prefixed time. 

For simplicity, reference will be made to two particles only: protons and 
deuterons for instance. X,(t) and X,(t) represent the average rate of photo- 
electrons emitted from the photocathode as a function of time and corres- 
ponding to the law of emission of light from the crystal. 

Let us consider that two particles (proton and deuteron) have such ener- 
gies as to give the same number of total photoelectrons, we have 


eo œ 


(1) fr dt =| Xa dive 
0 0 
N is the total number of photoelectrons emitted by the photocathode. 
Let us now consider separately the number of photoelectrons emitted by 
the photocathode in an interval of time from 0 to a given time +, and sub- 
sequently from rt to co: let 


fato di Ph [so di? 
(2) 0 T 

fra in fra dd. 

0 T 


(19) M. Forre: A/CONF/15/P/1514 (Geneva, 1958). 
(11) J. C. RoBERTSON and A. WARD: Proc. Phys. Soc., 73, 523 (1959). 


12 + 
(2) V. M. Bormann, G. ANDERSSON Linpstrém, H. NEUERT and H. PoLLEHN: 


Zeits. f. Naturf., 1& a, 681 (1959). 
(*) To be published in Nuclear Instruments. 
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where P and p, D and d depend on the shape of the pulse, while it follows 
from (1) that P+p =D+d. For +, the time is chosen in which the two nor- 
malized time distributions X,(¢) and X,(t) intersect. Such time is of the 
order of (0.7--0.8) us and depends slightly on the couple of particles under 
study. The identification signal of the particle furnished by our circuit, which 
will be indicated with S, for protons and S, for deuterons, is given, as has 
been said, by a suitable linear combination of P and p, and respectively of 
D and d, and can be indicated with 


SEO, 


(3) | 
SoD (1 0) 04), 


d 
where C is a constant of value 0<C<1. We note that both these signals 
are proportional to the total number of photoelectrons N, that is to the 
energy of the particles under study. 
To study the discriminating effect, we will consider the difference between 
the two signals given by 


(4) e=(8S—-S)=P-D=d—-p#0, 


e is affected by the statistical fluctuations of P, p, D, d. Supposing that such 
factors have fluctuations according to the statistics of Poisson we have 


(5) Ae = V (AS,)2 + (AS), 


in which 


AS, = VC?P + (1— 0)p; 


similarly 


AS, = V O?D + (1 — O)2d. 
The ratio between the signal and the noise correlated to the same signal de- 
pends, therefore, on the value of the constant C. This constant can be chosen 


in such a way that the ratio e/Ae is maximum (1°). 
Such value of C (0 optimum) turns out to be 


(6) (MEA 


(13) E. Gatti: Rendiconti Seminario Matematico- Fisico, vol. XXXI (1960), p. 1. 


2219 


~ 
908 G. M. MARCAZZAN, E. MENICHELLA SAETTA and F. TONOLINI 


The type of circuit that produces the signal S, is particularly simple 
(Fig. 2: outlet B of the circuit). The scintillation is collected at the anode 
of a photomultiplier Du Mont 6292, and the current pulse integrated on the 
parasite capacity and with an anodic resistence of R=1.5 MQ, after a e 
thode follower, is shaped with a first delay line of 2500 Q of characteristic 


2 4.7 ps 
HH2500 


A 20.8 ps 
37 Abe H 2000 
amplifier = HH2500 H 

non 
overloading 


cathode of oscilloscope 


Fig. 2. — Pulse shape discriminating circuit, outlets: A) energy; B) final wave shape; 
C) intensifier pulse for the oscillograph cathode. 


impedance and delay time ¢ of the order of 4 us; and then with a second and 
shorter delay line of 2000 Q charateristie impedance and delay time 7 closed 
over a variable resistence R,. 

Time £ of the first line is chosen in such a way that the integrated current 
pulse has reached the maximum for the various types of particles. 

The shape of the final wave supplied by the circuit is therefore obtained 
by adding to the integrated and shaped current pulse of the phototube the 
same pulse inverted and delayed by the time 7, and reduced in amplitude by 
a factor 0. The shape of the resulting pulse is shown in Fig. 3. From the 
examination of the pulse, it is easy to see that the signal S considered is given 
by the value of the amplitude of the resulting pulse at time tr. 

The value of C depends on the value of the resistance on which the second 
delay line is closed. It can be seen from the formula, therefore, that with the 
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Plate I. — Distribution on the cathode ray tube screen of the S pulses as function 
of energy for electrons, protons, deuterons, x (bottom to top). 


Plate II. ~ Distribution on the cathode ray tube screen of the S pulses as function of 
the energy, for secondary electrons from y rays of “Co and for « particles from *!°Po, 
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I. 


Plate III. — Distribution on the cathode ray tube screen of the particles produced by 
14 MeV neutrons in CsI(Tl) crystal. The protons and deuterons are not well separated. 
Clearly visible are the «-particles of high energies produced in the (n, x) reaction. 
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optimum value of C the amplitude values of pulses S corresponding to two diffe- 
rent particles under examination are equal and of opposite sign. Since there are 
usually more than two types of particles involved, it is necessary to compare 
directly the signals S with a signal that gives the energy of the particles, 
that we call E signal (Fig. 2: outlet A of the circuit). 


AV) 


ok 
\Sp=P-(1-C)(P+p) 
EA ye 


t 


C(P+p) 


Fig. 3. - Wave shape of the signal leaving the discriminating circuit at B, in the casa 
of protons. 


Such comparison is made by sending the Æ signal corresponding to the 
energy of the particle and the S signal respectively to the axes X and Y of a 
cathode ray tube. The luminousness of the cathode ray tube, kept faint 
normally, is suitably intensified at the time f,++t. The pulses produce bright 
points which are distributed over almost-straight lines leading'out of the zero, 
each of which has a value. of S for ordinate and the particle energy for 
abscissa. 

. The cathode of the oscillograph is commanded by the energy signal ap- 
propriately amplified by a non-overloading amplifier and converted into a 
fast standard pulse (of 100 ns duration) of adjustable amplitude, that can 
be delayed by a time ( + +. 

The complete schema of the pulse shape-discriminating circuit is shown 
in Fig. 2. 

An example of the results is given in Plate I, obtained by irradiating with 
14 MeV neutrons a target of paraffin and deuterated paraffin, placed in direct 
contact with the crystal. 

The parameters of the circuit (tr = 0.8 us, R,— 1000 Q) have been so de- 
termined as to produce the maximum separation between protons and deu- 
terons. 
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Plate II on the other hand shows the separation obtained between the 
secondary electrons of rays from a Co source and «-particles of ?!°Po. 


3. — Measurements and results. 


Plate III gives a panorama of the distribution of the various luminous 
points on the cathode ray tube screen produced in the CsI(TI) crystal descri- 
bed in Section 1 when irradiated with a flux of neutrons of 107n/s. From 
bottom to top are recognized the regions of electrons, protons and deuterons, 
and finally, well apart, the region of «-particles. 

To maintain a good and stable separation between the «-particles and the 
proton-deuteron group it was not advisable to increase the flux of neutrons. 

Numerous preliminary tests were performed in order to reach a good degree 
of separation of the particles and a reasonable energy resolution, and to obtain 
a calibration of the energy scale, both for protons and «-particles. 

The energy of the «-particles was calibrated, using a source of ?1#Po 
(H,= 5.3 MeV) and one of ?1‘Po (RaC’) (E, = 7.68 MeV). 


6mb/ Mev 


015- || 
ER 
210 nl 
| 


01 x 1/20 


005! | | 


+ 
4 LB Là ni + n T T mr "T T T 4 sto + 
4 6 8 10 2 6 16 18 20 Eq MeV 


Fig. 4. — Spectrum of the «-particles emitted in the (n, x) reaction on CsI(TI). 


The points are compared and normalized to the Quinton curve (14) which 
gives the response of a CsI(T1) crystal as function of the energy of «-particles. 
The curve so obtained was later used to obtain the response of the crystal 


(14) A. R. Qurnron, C. E. ANDERSON and W. J. Knox: Phys. Rev., 115, 886 (1959). 
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at higher energies than 10 MeV, as sources of particles at these energies were 
not available, and to obtain the proton energy scale. 

In view of the non-linearity in the response of the crystal and the rather 
indirect method of calibration used, the uncertainty in the values of the energy 
scale is about 10%. 

The energy resolution for the line of Po turned out to be 8%. It was 
assumed that the behaviour of à thick crystal was identical to that of à thin 
one, and from comparative measurements this assumption was substantiated 
to within 5%. 

With the technique and the apparatus described in the previous section, 
it was possible to obtain the spectra of the reaction (n, «) and (n, p) in the 
crystal. Fig. 4 and 5 give these distributions. 


500 
400 
300 
200 


100 


Fig. 5. — Spectrum of the protons emitted in the (n, p) reaction on CSI(TI). 


In the portion of lower energy, the spectrum of the protons contains a 
contribution of reactions of the type (n, np) and (n, d). In the spectrum (n, a) 
the line of 2!°Po was simultaneously analysed. 

The value of the total cross-section of the reaction (n, x) turned out to 
be (0.8 + 0.2) mb. 


4. — Discussion. 


With the technique described it has been possible to obtain an energy 
distribution of the emitted particles over the whole solid angle, with good 
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On the Effect of n-p Tensor Forces in *H, - I (*). 


B. BARSELLA and S. ROSATI 


Istituto di Fisica dell Universita - Pisa 
Istituto Nazionale di Fisica Nucleare - Sezione di Pisa 


(ricevuto il 2 Febbraio 1960) 


Summary. — Calculations have been done on the hypertriton with a 
hamiltonian containing a neutron-proton potential with a tensor part. 
The integral volume of A-N interaction and the wave function para- 
meters are modified to a certain extent with respect to the results of 
preceding calculations, performed with a purely central potential. It is 
concluded that a more refined calculation will be necessary to get a 
definite answer to the question of the importance of n-p tensor cor- 
rections in °*H,. 


1. — Introduction. 


This paper contains some preliminary results of a work on the effect of 
tensor forces among nucleons in A-hyperfragments. We have done a calcu- 
lation on the simplest system containing a A°, that is the hypertriton. The 
reason for this choice is that the hypertriton is the hyperfragment with the 
simplest structure and does not require drastic approximations for its description. 
The preceding calculations (1) have been performed using a central neutron- 
proton potential. The parameters of the potential were determined by the 
prescription to fit the p-p low energy scattering data and the deuteron binding 
energy. We have introduced into the hamiltonian a neutron-proton tensor 
term: the aim of this work is to see if the introduction of these corrections 
influences in some way the prediction of integral volumes of the A-nucleon 


0) This work has been presented at the XLVI Congress of the Italian Physical 
Society, Naples, 29 September - 5 October 1960. 
(1) R. H. Dazrrz and B. W. Downs: Phys. Rev., 110, 958 (1958) (this work will 


be indicated by D.D.I); R. H. DazLrrz and B. W. Downs: Phys. Rev., 114, 593 
(1959). 
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potential. At the same time we want to see if there are modifications is the 
wave function which could influence the calculation of decay probabilities and 
branching ratios for the various decay channels. Such a calculation will be 
done in a subsequent paper. 

In this work we have restricted ourselves to a preliminary calculation, 
which has been done in the simplest way compatible with tensor corrections. 


2. — Construction of trial wave functions. 
The possible values of the spin of hypertriton are } and 3. We must there- 


fore construct trial functions corresponding to such spin values. To discuss 
this we shall use the following notation (*): 


B= Ah, s = }(0,+ n), S=—s+to,, 
L+s=j, L+S=J, 
where J, is the neutron-proton relative angular momentum, 


I, is the angular momentum of the A with respect to neutron-proton 
center of mass, 


Op Gn, GA are the Pauli spin vectors for the proton, neutron and A, 
respectively. 


The selection of trial wave functions is strongly determined by the fol- 
lowing consideration: suppose that we are performing a variational calculation 
for the binding energy of some system and that we would like to use a trial 
function which is a linear combination of the functions 7 and Y’. Suppose 
further that the matrix element of the hamiltonian between VY and W" is zero: 
then the mean value of the hamiltonian will reach its minimum in corre- 
spondence of the choice of only Ÿ or only WY’. In our case this is equivalent 
to say that we must choose as trial wave functions only those composed of 
parts which are linked by the neutron-proton central potential plus tensor part. 
Let us now limit our discussion to the case of spin +; then the maximum value 
of L is two. Let us list the spin functions which may constitute our trial 
function; these are the following (**): 


S,) Vo 0 


(*) We have chosen units such that h=c=1. 

(**) We have omitted the functions 8,,: /=C, s=0, 1, l,=l,=—1 because they are 
excluded on the same grounds of D,. Note also that the symbol P represents three 
functions which correspond to different values of S and s. 
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IP) L=1 eee 

D,) TO MINA) 
D,) DNS Ch N 
D,) DCS ENT EE ENT 


Preceding calculations (1) have used S,. We have chosen a linear combi- 
nation of S, and D, and have excluded the others for the following reasons: 


a) S, can be excluded because neither central forces nor tensor forces 
link spin 1 to spin 0 states. 


b) P and D, states are excluded by the fact that neutron-proton forces 
do not mix proton-neutron states with different orbital parity. 


c) D, is excluded by the fact that we assume the A-.N° potential does 
not contain tensor terms. 


In the case of spin 3 for the hypertriton, the preceding considerations must 
be partially modified. It is permitted to consider also the value L=3. On 
the other side this value is excluded for it would require 1, =/,=2 and such 
a state would not be linked with the others by the potentials. State S, cannot 
be constructed for spin requirements. State D, is splitted in two states ac- 
cording to the fact that S can assume both the values 3 and 3. We shall call 
these states D and Dee 

The trial wave functions for spin 3 and 3 are therefore given by: 

P, x f(r, 8,8) D, +æg(s,r,t) D, 
(1) 
P, x f(r, s,t) D, + æglr, s, t) PB, + yh(r, 8,1) ®,., 


where f, g, h are normalized functions of the triangular co-ordinates r, s, t 
(r is the neutron-proton distance, s(t) the A-proton (neutron) distance); x and y 
are coefficients whose square gives the percentage of D states. The symbols ® 
represent the normalized spin functions corresponding to the states defined by 
their subscripts. The complete form of functions (1) is given in Appendix A. 


For the radial functions f, g, h we have chosen simple exponentials of the 
form 


f oc exp [—a(s +t) — Br], g and hor? exp [—y(s +t) — dr], 


symmetrical in s and ¢ according to charge symmetry of A-nucleon forces. 
To simplify the calculations we have also chosen g=h in Y,. This is not 


strictly necessary but results in a considerable reduction of saridtional para- 
meters. 
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8. — Variational calculation. 


The hamiltonian which we shall use in the variational caleulation is the 
following 


H = K+V[A]+V.[np]+Vi[np], 


where A is the three-body kinetic energy and 


; xp [— As xp [— À 
J [A] FX = (U, + U,0,:0,) a L = (U, | Ü:6n:64) auf 
(n= 0, exponential shape; n=1, Yukawa shape), 
(2) V.np]=— (W, + Wioy:o,) PE ET, 
exp [— nr 1 
V, [np] = Wi : È nr] Snp(r) ) Snp(r) i re [3(0n'r)(r:6p) Fe (6, °Gp)7? | ; 


The variational calculation is then stated in the following way: if W is 
| the trial function then the inequality must hold 


e 
(8) eee 
KW | y} 


b) 


By is defined as the difference between the absolute value of the *H, binding 
energy and the absolute value of the deuteron binding energy, Ba. 
In the case of spin + the expression on the right side of (3) can be written 


€ H|wi) 
4) PEW pil gt U,) — RU, —2U,), 
pa | pa 


P,Q, R are functions of the variational parameters and of the potential para- 
meters. The whole dependence on U, and U, has been shown explicitely. 
Now Q is, with respect to P and R, of order x?, which is presumed to be smaller 
than 0.05 (*). This is the reason why we have set in place of (U,+ U,) in the 
right-hand side of (4) the value deduced from the results of DALITZ and 


(*) To justify this point one might notice that the *H, can be considered as 
composed by a deuteron with a A bound to it. According to the small value of By, 
one can presume that the deuteron is not much deformed by the presence of the A 
and so the D-state percentage in the 7H, must be of the order of that in the deuteron. 


918 B. BARSELLA and §. ROSATI 


Downs (2). Such an approximation would not change substantially our re- 
sults. (4) can now be written as 


4 a DINT 
vale vi IPER 
Cyx| va) 


=“ 3) ’ 


where U,(J=4) is the total integral volume for spin }: 


U,(J =4) = oe (2U,— U,), for exponential shape, 
= ee (2U,— U,), for Yukawa shape. 
From (3) one gets 
(5) TJ = 4) <P (Bat Bad] 


(5) can be written, showing the x-dependence of the right side, in the following 
form: 


6) OT = 3) <G[A + Ba + 027], 


where G, A, B, C are functions of a, B, y, 6 and of the potential parameters; 
but U and Us. 
In the case of spin 3, the expression on the right side of (3) has the form 


<pa|H wp 


yo = P, + QU; #i U2) aa R,(U, Us) ; 
pa ly» 


Q, is of order (x?+7?); with the preceding approximation, one can obtain, in 
conclusion, the analogous of (6) for spin 3 


) DJ = 5) <G A+ (e+ y) + (a +y")|, 


= 
È 
>| © 


where G, A, B, C are the same functions as before. U,(J = 3) is given by 


O,(J = 3) = ——(U,+ U,), for exponential shape, 


= rrr LL + U,). for Yukawa shape. 


(*) For exponential shape see: R. H. DaLITZ and B. W. Downs: Phys. Rev., 111, 
967 (1958). For Yukawa shape see: R. H. Darimz and B. W. Downs: Phys. Rev., 


114, 593 (1959). In the latter case we have used the results for gaussian shape because 
there is not substantial difference. 
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The right sides of (6) and (7) are simple functions of the mixing parameters 

x and y and one could search for the minimum with respect to them. The 
minimum of the right side of (6) is reached for 


which gives 


(3) (be 


U,(J = 3) < G[A + 4/2Bx + 20x°] = G LA È (È : 

which has the same form of (8). Then there is no difference between the 
spin 3 and 3 cases except on the different dependence of U, upon U, and U,. 
From now on we shall consider only, for definiteness, the case of spin 4 
Then (8) represents the basis of our calculations. The detailed form of G, A, 
B and C is given in Appendix B. 


4. — Results and discussion. 


The parameters of the neutron-proton potential (2) are not rigorously de- 
termined by the experimental data. Then the variational calculation has been 
done for five sets of parameters (see Table I) selected from Table VI of Fesh- 
bach and Schwinger’s paper (*); all the sets give a triplet effective range which 
agrees with the experimental value. It is worth while to notice that these five 
potentials give the correct deuteron binding energy. We have used the pre- 
ceding potentials to make a variational calculation on the deuteron for two 
reasons: 


i) We wanted to have a reasonable starting point for the parameters 


which describe the deuteron in the wave function of *H,. 


ii) We wanted to check the validity of the approximation of our treat- 
ment of the deuteron core of hypertriton. 


(3) H. FesHBAcH and J. SCHWINGER: Phys. Rev., 84, 194 (1951). 
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Tape I. — Neutron-proton potential parameters. 


-prot 

ip (MeV fermi) | (MeV-fermi) | (fermi) (fermi) | 
parameters | | 
ce | A | 

a) 34.46 20.99 | 0.7402 0.7236 | 0.205 

b) 46.92 16.88 0.8425 0.6524 0.195 

0) 49.82 16.92 0.9C50 0.6524 | 0.198 

d) 82.46 6.19 1.0341 0.3619 0.145 

e) 75.11 9.32 1.0341 0.4708 0.167 


The trial function is given in Appendix B. The results of the calculation 
are listed in Table II. B* represents our estimate of the binding energy of the 
deuteron. 


TABLE II. — Binding energy B% and wave function parameters of the deuteron for the 
potentials of Table I. 
Neutron- proton Be | B ò | | 
potential (MeV) (fermi!) (fermi) | È 
ni | 
a) ==) 206 0.51, | 2.09 Osta 
b) — 1.246 0.525 2.00 — 0.166 
€) 1.216 0.53; 2.02 — 0.167 
d) 1.364 0.60 1.68, | — 0.129 
e) 1.323 0.58; 1.83; — 0.146 


The common feature of the results is that the absolute value of the binding 
energy and of the S-D mixing parameter are too small. Such a fact shows that 
the neutron-proton pair will be poorly described by the SH, wave function (1). 
A better calculation will require an improvement of this part of the *H, 
description: this will be done in a subsequent paper. 

As a test of the importance of tensor corrections in hypertriton we have 
performed a whole set of calculations which could be compared with those 
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of D.D.I with a central potential. The results are collected in Table III with 
the corresponding ones of D.D.I. The latters are marked with an asterisk. 
All these calculations have been done with the potential of type b). Such a 
potential practically coincides in this case with the more general Hall and 
Powell’s one (*), which fits the p-p low-energy scattering data. 

Comparing the results of the present work with those of D.D.I, one sees 
that there is some difference between our wave function parameters and in- 
tegral volumes and the corresponding quantities of D.D.I. Further the integral 
volumes increases more than one would expect from the difference between 
our value for B; and the one of D.D.I. It is doubtful, however, that the po- 
tential b) is the most suitable to describe the n-p interaction. To improve 
this point we have done a set of calculations with the five potentials of Table I. 
These have been done for B,= 0.12 MeV (5). Taking account of the fact 
that the best value of B* of D.D.I is 1.6 MeV(*) and that our B; is smaller 
of some tenth of MeV (see Table IT), these results may be compared with the 
results of D.D.I for B,= 0.4 MeV. We have restricted ourselves to the case 
of a A-N interaction of Yukawa shape. This results are listed in Table IV. 

Inspection of Table IV shows that the best agreement with the results of 
D.D.I is obtained with the potential of type d). However also for this po- 
tential the value of the mixing parameter remains low. On the other hand 
the biggest difference between our integral volumes and the corresponding 
ones of D.D.I is of about 10%. Moreover there is a certain difference in the 
corresponding function parameters. These differences might be relevant on 
the determination of the A-nucleon well depths. The variation of function 
parameters might also influence the prediction of decay ratios, but this point 
ought to be checked by a calculation. 


5. — Conclusion. 


The present work shows that a tensor term in the neutron-proton poten- 
tial might have some influence in *H,. There are differences between our 
results and those obtained by D.D.I with a purely central neutron-proton 
potential, both in the integral volumes and the wave function parameters. 
Our results, however, are dependent upon the choice of the neutron-proton 
potential among the five equivalent potentials of Table I. In order to get a 
definite answer about the origin of these differences it is necessary to perform 


DCS Atty and I Power. Phys. Rev., 90, 912 (1953). 


(°) The value B,=(0.12+0.26) MeV is the one given at the Kiev Meeting of 1959. 
(0 MSC DA DR ARCIERE 
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TABLE IV. — Results for the various n-p potentials of Table I and A-N Yukawa shape. 
Bat By, = 2.346 MeV. 


i) intrinsic range 0.8411 fermi 
Neutron- proton x B y 5 Us 
potential (fermi-!) | (fermi!) | (fermi!) | (fermi) a (MeV - fermi?) 
a) 0.67; 0.57 0.66 2.57, — 0.192 528 
: b) 0.67 0.59; 0.65 | 2.50 _ 0.177 523 
c) 0.67 0.61 0.65 2.52; — 0.177 | 520 
d) 0.65; DCE 0.62; 2 23, — 0.110 | 497 
e) 0.66 0.68 | 0.63, 2.36, | —0.136 | 504 
ii) intrinsic range 1.4843 fermi 
Neutron- proton x B y ò Ors 
potential (fermi?) | (fermi) | (fermi) | (fermi) si (MeV -fermi?) 
a) 0.41 0.53; 0.395 2.32, | —0.184 848 
b) 0.41 0.55 0.39; 2.24 0172 840 
0) 0.41; 0.56, 0.40 2.28 22013 835 
d) 0.40 0.64, 0.38 1960117 797 
e) 0.40 0.62; 0.38 2.10 eo 308 


a detailed calculation with a more flexible wave function. This is necessary 
to make it possible to decide if the differences we have found can affect the 
prediction of the A-N well depths and of the decay ratios. 


* OK OK 


We would like to thank Prof. L. A. RADICATI for his kind interest in this 
work and Dr. E. FABRI for valuable suggestions. Thanks are also due to the 
computer staff of STANIC (Leghorn) for kind assistance in the use of the 
IBM 650 electronic computer, on which numerical calculations have been per- 
formed. 


2235 


924 B. BARSELLA and $. ROSATI 


APPENDIX A 


Spin functions. 


The detailed form of the spin functions used in the work is the following: 


i) spin J =} 


ii) spin J = à 


a“ 1 i x 
(Dy); = al +3 0x1) ® ; 


ik è, : 
(D!) = Dar S;x(Gp ip Xox)k® 5 
(Dt = 1 : & 
D = joue (Salade — ieni (09): Sin(04)m) 9", 
where 
Ct lt 
and 
Six = 3D; Uy, — Ô x pa : (xy = dl, Los = Y, vy = 2); 


is the irreducible tensor of angular momentum 2. ¢;,,; is the completely anti- 
symmetric tensor of 3rd order. Further . 


Cae NS 0 1 eli 1 
D pr (A), ta rip) x tm) — xHp)X}(n)], 


» 
a 


N sf PD ar rad i D È à 
eG ) Tepresents the Pauli spin function for the particle P. y is the 
Singlet function for the proton-neutron pair. The functions listed before are 


not, in gener icenfunetions i 
ot, in general, eigenfunctions of the third component of the total spin J 


All he fun ti ns ar x i 4] > 
{ à GUONS are rmalize I Se { rs in 3 re norm li e 1 ing t 


> (Diy OF = 1. 


9 
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APPENDIX B 


Complete wave functions. 


The trial function used for the variational calculation of Bi is the following 


a SE (C, exp [— Br]o;+ C, exp [— dr] 8;,0%) 7°, 
V1 + a 
where C, and ©, are normalization constants and o represents the spin vector 
of one of the nucleons. 

The trial functions used in the calculations for the *H, have the following 
detailed form: 


a 1 
Sa exp [— a(s +t) r|®s,+ 
ViTa = (2a, 2a, 28) x Pri@s 


x 
— exp [— y(s + t) — dr]Da. |, 
Vlus(2y, 2y, 20) 


1 1 
YW, — a exp [— a(s + t) — pr] By + 
. VI+ a + y Eco 2a, 2B) : É i 


av 
1. - exp [— y(s + t) — dr] D, + 
VEDETE ? 


ÿ -exp [— p(s + t) — dr] Bp] . 


VI 15(27; 27; 20) 


The normalized spin functions ® are given in Appendix A. I,,,(%, 8, y) is 
defined by 


Qato+e 
Ju a, B, y )= (— PP ap or ! 000 ( Bey, 
where 
2 
= | dr ds dé exp [— ar — ps — yt] = 
Tooo(%, By y rds dt exp [ diro Rade Ny se 


Lie is given explicitely by 


a b e a 4 +79 b j+k ta je) 
D ENT (x, Py) Ja! ble! > > DI = À fe | | 


i=0 j=0 k=0 


9 (+ B)-*+4(B 22 ni (y + qjekti : 
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The explicit form of the four functions G, A, B, C (which is the same both 
for spin $ and spin 3) is 


ed x + de haf? + ps pine Sg pa ARA, 
le dial er ee 
__ Bmam 7 wr) L' 2B + 4a + k) 2 422] (x + B)* | 2mam Ea 
Ma +m (2a + 26 + k)4 Ma + m 
PC EU) 
PORTES DIE jee D ee + 27d + 36?) 
35(x + y)? + 18(@ + y)(B + 6 +) + 3(8 + 6 + 0) 
(at ye + By + ET) | 
et (y + 9) 92,3 704,2 9 21 3 
C= oi + 27,0 + 30° (028) + 79y?2d + 24y0 + 303) + 


MA — M 128m, m 


pa = 23 6720 24y6? + 363 
oa. Tegra y° + 67y?0 + 24y0? + 30°) es 


(W, + W,): 


(y + 9)8[84y? + 16y(26 + k) + (26 + 1] 
(2y + 20 + ky 


256 My?(y+6)*Isn1(26, 2y +2, 2y)+ 


Mam Sa ; ‘ n) Paid 
+192 AM WylSty? + 16y(2-+ n) + (20 4 mes | 
2m», Mm eG 
n n rà = dal By) 5) 


where n — 0 for Yukawa shape of the A-N potential, n= 1 for exponential 
shape. M is a coefficient given in the following table 


Az B3858,, M = 0.13396 , 


exponential shape | 
| 4=4.2102,  M=0.70509, 


Yukawa sh: A= 1.4280 , M = 0.0493, 
KaWa § la pe | À = 2.5200 , M°= 0.137 65 : 


The function G also depends on the shape of the A-.N potential. For Yukawa 
Shape it is given by 


qu lt Ma Co D IAA 
164 mym x°(@ + B)?[(4a + 28 + A)? + doef] 
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while for exponential shape it is 


3 7 Ma +m (2x + 26 + 2)5(4x + 4)? (802 + 5af + B?) 
— 164 mmy ox + B}2[(4x + 28 + A)? + 4aB(2a + 7)]" 


RIASSUNTO 


Conti effettuati sul*H, con una hamiltoniana contenente il potenziale neutrone- 
protone con parte tensoriale mostrano che il volume integrale della interazione 
A-nucleone ed i parametri della funzione d’onda son modificati rispetto ai risultati 
di conti precedenti basati su un potenziale totalmente centrale. Si conclude che è 
necessario un conto più raffinato per avere una risposta definitiva sulla importanza. 
delle correzioni tensoriali nell’ipertritone. 
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Angular Distribution of Protons from the Reaction *Si(n, p)?*Al. 


M COLLI 


Laboratori CISE - Milano 
Istituto di Fisica dell’ Università - Milano 


G. M. MARCAZZAN, F. MERZARI, P. G. Sona and P. Tomas (*) 
Laboratori CISE - Milano 


(ricevuto il 3 Febbraio 1961) 


Summary. — In this work we present the angular distribution of protons 
emitted in the reaction 28Si(n, p)28Al. The energy spectrum of these 
contains four peaks, which have an anisotropic component superposed 
to an isotropic part, which is predominant at low proton energy. The 
analysis of the anisotropic part shows that it can be described with 
sufficient approximation by means of a direct interaction mechanism; 
the angular distribution shape can be correlated with the values of 
the shell model orbits involved in the process of capture and emission 
of interacting particles. 


1. — Introduction. 


In order to study the interaction mechanism in the n,p reaction, we 
have planned a systematic research on a series of nuclei, to see to what extent 
the direct interaction is effective in n, p reactions. 

Previous results on *4Mg and #$ (1) have shown that in these nuclei the 
direct interaction seems to be very important, and, moreover, that the pro- 
perties of the emitted protons can be correlated with the quantum numbers 
of the shell-model orbits in which the proton is found in the target nucleus, 
and in which the neutron is captured. 


These results show the possibility of using the direct n, p reaction to study 
these shell model orbits. 


In the course of this work, we measured the angular distribution of protons 


() On leave from the Ruder Boskovié Institut, Zagreb. 


() L. Corri, G. M. MARCAZZAN, F. MERZARI, P. G. Sona and F. TONOLINI: Nuovo 
Cimento, 16, 991 (1960). 
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emitted by silicon under bombardment of 14 MeV neutrons. This target was 
chosen because the proton spectrum from *8Si(n, p) (?), taken in the forward 
direction with respect to the neutron beam, has shown a characteristic struc- 
ture, that is four peaks, at the residual nucleus excitation energy of 0; 1.3; 
2.4 and 4 MeV, which seemed to give evidence of the presence of surface direct 
interaction. The knowledge of the angular distribution of the protons included 
in these peaks can give us information on the direct effect itself and on the 
shell-model orbits in which the particles involved are found. 


2. — Description of experiments. 


The proton detector has been described elsewhere (*). It is a telescope, 
made of two proportional counters and a scintillating counter in coincidence 
plus a proportional counter in anti-coincidence. 


peak at 1.3 MeV 


peak at 0 MeV 


c.m. 


Fig. 3. — Center-of-mass angular distribution of protons in the four peaks of the silicon 

spectrum. Full lines: curves calculated following formula (1) in the text. Interaction 

radius R= 6 fermi, /-values used: ground state peak: /= 2; 1.3 MeV excitation 

energy peak: 1=0, 2,4; 2.4 MeV excitation energy peak: /= 1, 3, 5. Dotted lines 
represent the isotropic component. 

(2) L. CoLLi, F. Cvevpar, 8. MicHeLETTI and M. PIGNANELLI: Nuovo Cimento, 


14, 81 (1959). 
(3) G. M. Marcazzan, M. PIGNANELLI and A. M. Sona: Nuovo Cimento, 10, 155 (1958). 
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The measurement consists in taking the proton spectrum at 8 different 
angles, with an angular aperture of about 12° at each angle. 

These spectra are displayed in Fig. 1 and 2. Deuterons from the *8Si(n, d) 
reaction make no contribution because their maximum energy is 3.8 MeV. Once 
the peaks have been found in the spectra obtained, an energy interval is fixed 
for each peak, and the sum is made up of all the counts due to protons con- 
tained in each peak. Corrections are made as far as concerns the small dif- 
ferences in angular aperture at each angle. 

The angular distributions obtained in this way are shown in Fig. 3, where 
only statistical errors are shown. 


3. — Discussion. 


These angular distributions with their anisotropy for the first three peaks, 
certainly show that the reaction goes at least partly through a direct effect. 
It is interesting to note that an isotropic component is present in all the 
peaks, and that this isotropic component is dominant in the fourth; this 
shows that part of the reaction goes through a compound nucleus process. We 
can construct an «evaporation spectrum » (very approximately) plotting only 
the isotropic part as function of the excitation energy. The result is a curve 
with a temperature 0~ 1.6 MeV, in good agreement with what one can expect 
from the consideration of the 0-values for nearby nuclei. 

The evaporated part being isotropic, it follows that its total contribution 
to the reaction is rather important. The various contributions in each peak 
due to the isotropic and anisotropic parts are given in Table I. 


TaBLe I. — Cross-section values for isotropic and anisotropic part of each peak. 
IR ‘Si 3 Le) 4 1 rev i 
hee nucleus excitation 0 13 24 4 
energy of the peaks (in MeV) 
Ort (in mb) TIR 15.4+2 29.4+3 49.6+5 
Oanisotr (in mb) 2.6 2.3 6.8 TA 
Got (in mb) Peres 13.1 22.6 49.645 


Let us now analyse the direct part of the spectrum, 
Following the line of discussion we have used in the case of 24Mg(n, p) and 


SIT, p) we will first try to fit our experimental angular distribution with the 
theoretical curves calculated on the basis of the surface direct interaction. 
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The underlying idea of this theory is that the interaction goes as follows: 
the incoming neutron is captured by the target nucleus on a well defined orbit, 
that is with a definite orbital angular momentum 1,; then, due to the inter- 
action with the neutron, a proton occupying a well at orbit with orbital 
angular momentum J, of the target nucleus is emitted. Under this hypothesis, 
a calculation for this reaction was made by BUTLER (*). 

In the above description the differential cross-section for this reaction is 
given by the formula 


i 


where C,,, (4,0; 0,0) are Clebsch-Gordan coefficients and j, the spherical 
| Bessel functions, | being the angular momentum transferred in the reaction, 
and Q=|K—K'|, where K and K' are the wave vectors for the incident and 
outgoing particles respectively; the factor 


(E rl E); 
2 @D 


is the matrix element of the r-matrix which can be determined phenomeno- 
- logically from two-body scattering measurements; in fact this factor is obtained 
from the neutron-proton scattering cross-section through the relation 


(1) +2 Cia ( l, 0; 0, 0) )it( (QR) (ET Ten TIR 


2 


27 aK Igt 2 
— Fp m? Na Poly —K) 


Taking the value of the interaction radius À and the angular momenta 
1,,1, as parameters, we will see if it is possible to find agreement between theory 
and experiment; we will try to use for the three cases the same value of R, 
and find the values of /, and J,. 

This comparison is shown in Fig. 2. Agreement can be found using the 
same R value of 6 fermi for the three cases and the following values for the 
angular momenta J, and /,: 


1) the ground-state transition a 1— 2 and this corresponds to 1, = 2, 
I, =0, or on the contrary, 1, = 0, L= 
This indefiniteness in the /,, J, value is ane to the fact that the three angular 


momenta /,,1, and / are related by the formula 


Lp nee 


(4) S. T. BurLER: Nuclear Stripping Reactions (New York, 1957). 
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2) the first excited peak gives = 0, 2, 4 (combined according to for- 
mula (1), that is, with the appropriate Clebsch-Gordan coefficients) and con- 


sequently only 1,=1,= 2 is possible; 


3) for the third peak the two sets 2 =1,3 or J=1, 3,5 can both be 
good, because the contribution from / = 5 is expected to be very small. From 
the formula (1) the 2, and 7, values therefore may be either 1 and 2 or 2 and 3. 


The fact that the experimental angular distribution can be fitted with 
Butler’s curves, all with the same FR value, is a considerable success. It shows 
that this comparison gives rather consistent results, allowing the conclusion 
that Butler’s theory gives a good description of the reaction mechanism. 

We have now found some possible values for the orbitals of the particles 
involved in the reaction: let us then see if these orbitals correspond with the 
ones expected on the basis of the shell-model description of the nucleus. 

The J, and J, values found have indeed the precise meaning of the orbital 
angular momentum of captured neutron and emitted proton. The sequence 
of orbits in which protons and neutrons are found, being known from static 
properties of nuclei, we can compare our numbers for J, and J, with those 
expected on this basis. 

The ground-state transition can be obtained only by taking out from the 
nucleus the « last » proton, and putting the neutron on the lowest free orbit. In 
the case of silicon, the last proton is one from the d, shell (completely filled) and 
the first free orbit for the neutron is the sj. We have in such a way an l=2 
transition with /, =2 and 4, = 0, in agreement with the experimental results. 

In the next peak the residual nucleus is left with 1.3 MeV excitation energy; 
it means that either the neutron is captured in an orbit higher than the Sy 
or that a proton is taken from an orbit below the ds. 

In the first case, the neutron orbit next to the s, is the ds. Taking out 
the last proton (d;) and putting a neutron on the d, orbit, we have a transition 
with = 0, 2, 4 in good agreement with the experimental result. 

Agreement is also found for the second excited peak, if the last proton (d.) 
is taken and a neutron is put on the next f orbit. That gives allowed 1 va- 
es =211,73;;5. 

The fact that the 1, and /, values agree well with the prediction of the shell 
model, considering for the three cases the same I, values and different J, values, 
corresponding to the expected succession 53, dy, f: seems to show that this 
agreement between experimental and theoretical values is not a casual one. 

On this ground, we must consider the three proton peaks analysed as 
coming from a direct interaction process in which a proton is taken from the 
single-particle d, orbit and respectively a neutron is captured on a single-par- 
ticle sj, d, and f;. Sticking to this description, the distance in energy between 
these peaks should correspond to the distance in energy between the neutron 


a 
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orbits involved. The d, orbit should be 1.3 MeV above the s,, and the f: 
would also lay 1.1 MeV above the d,. ‘ € 

In order to analyse these figures, we must understand which residual nucleus 
levels contribute to the proton peaks. The ground state peak can possibly 
include the transition to the very close excited level at 0.031 MeV: the four 
levels between 1 and 1.6 MeV cannot be distinguished in the second peak, and 
in the same way, the six levels between 2.14 and 2.66 are the levels in the 
third group considered. | 

We can deduce that only few levels contribute, otherwise it would not be 
possible to have the well defined peaks but rather à smooth shape. 

The levels which are brought in evidence in these reactions should be those 
corresponding to single-particle excited states. 

But it is possible that the characteristic of being single-particle level be 
shared among many levels of the nucleus, so that we may expect rather wide 
peaks coming from this effect. 

Considering our experiments, we must observe that the width of the peaks 
is of the same order as the energy resolution of our apparatus, so that we 
cannot guess anything about peak width. 

With regard to the energy distance between peaks, we can say that the 
value 1.3 MeV for the distance between the s, and d, is not unreasonable, but 
on the contrary the value 1.1 MeV that we find for the distance d,-f; seems 
to be too small compared to what is generally predicted. 

We can suppose that the second excited peak corresponds to only a part 
of the group of levels of the f: orbit, in the sense that the center of mass of 
the group lies at a higher excitation energy, but, due to fluctuations in level 
density or to some selection rules, a few of these levels appear like a group. 


We cordially thank Prof. U. FACCHINI for many discussions throughout 
the work. 
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In questo lavoro viene presentata la distribuzione angolare dei protoni emessi nella 
reazione 28Si(n, p)*8Al. Lo spettro di energia di questi mostra quattro picchi, i quali 
hanno una componente anisotropa sovrapposta ad una parte isotropa, che è prepon- 
derante per i protoni di energia più bassa. L’analisi della parte anisotropa mostra che 
essa può essere descritta con sufficiente approssimazione da un meccanismo di intera- 
zione diretta e che la forma della distribuzione angolare può essere correlata con i valori 
dei momenti angolari delle orbite del modello a shell che intervengono nel processo di 


cattura e di emissione delle particelle interagenti. 
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D. Evans and R. R. HILLIER 
H. H. Wills Physical Laboratory, University of Bristol - Bristol 


(ricevuto il 3 Febbraio 1961) 


Summary. — An analysis of the structure of tracks of heavy nuclei in 
nuclear emulsion leads to a method whereby charge scales appropriate 
to any given parameter which has arisen through measurement upon a 
track by means of a densitometer may be calculated. As an example, 
the mean widths of tapers at a residual range of 100 um are calculated 
for various values of the charge and good agreement with experimental 
results is obtained. 


1. — Introduction. 


The presence of the tracks of heavy cosmie ray nuclei in nuclear emulsion 
stacks which have been exposed at great altitudes was first recognized by 
FREIER et al. (*), and since then, numerous attempts have been made to iden- 
tify the nuclear species represented, for it has become increasingly important 
to establish as accurately as possible the charge distribution of the primary 
cosmic radiation in order to understand its origin and accelerating mechanism. 
Measurable paramenters which characterize the tracks and which are fune- 
tions of mass, charge and velocity of the particles are known and are in com- 
mon use; nevertheless it has only recently been proved possible to identify 
charges of relativistic particles unambiguously in the range 3<Z<14 (0.9. 
WALDESKOG and MATHIESEN (?)) and at present no accurate method for meas- 
uring the charges of heavy, non-relativistic particles is available. 


(1) P. Freier, E. J. LorGREN, E. P. Ney, F. OPPENHEIMER, H. L. BRADT and 
B. PETERS: Phys. Rev., 74, 213 (1948); P. FREIER, E. J. LOFGREN, E. P. Ney and 
F. OPPENHEIMER: Phys. Rev., 74, 1818 (1948). 

(2) B. WALDESKOG and O. MATHIESEN: Ark. fo ys. MT 00 21060): 
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The source of the difficulty appears to be that although a heavy track 
contains more information per unit length than a light one, the standard 
methods of measuring ionization are not suitable for its extraction. In the 
case of light tracks, either grain counting or blob-gap counting may be used 
to good effect, and for heavier tracks, d-ray counting is useful, although it 
often proves difficult to decide whether a particular collection of grains con- 
stitutes a d-ray with the result that the 5-ray density is a subjective parameter, 
not readily reproducible when the heaviest tracks are under consideration. 
Still, the information is there, in the form of the total number of grains per 
unit length and their distribution about the particle trajectory and the problem 
is to educe it. A technique which has recommended itself to various workers 
is that of measuring the obscuration of a beam of light by the track and so 
obtaining a parameter which depends both upon the number of grains and 
their distribution. It has been used in one form or another as early as 1952 
by CECCARELLI and Zorn (*), by VAN Rossum (‘), Artom and GENTILE (5), 
HILLIER (°) and by the Lund group (°). The purpose of the present paper is 
to put forward a model of track structure which will enable one to calculate 
the result of a densitometer measurement on a track of specified charge (Z) 
and velocity (8): in effect to calculate a charge scale. 

The approach is the following. By means of the densitometer, one can 
measure, in plane projection, the grain distribution of a heavy track of known 
velocity, say relativistic. One knows from theory the energy distribution of 
the Ô-rays, so that by making an appropriate assumption about the distri- 
bution of grains produced by 3-rays one may proceed to a range distribution 
which, together with the theoretical energy distribution will give a range- 
energy relation for the d-rays. Such a range-energy relation permits one to 
calculate narrow slit profiles, taper half-widths and other densitometer para- 
meters. 


2. — The densitometer. 


The instrument used in this laboratory consists of a Cooke nuclear research 
microscope to the head of which a photomultiplier (RCA 931A) has been fitted. 
A rectangular slit whose dimensions are determined by the parameter which 
one seeks to measure is fixed below the photocathode and the image of the 


(3) M. CeccarELLI and G. T. Zorn: Phil. Mag., 48, 356 (1952). 

(4) L. Van Rossum: Compt. Rend., 266, 2234 (1953). 

(5) M. Artom and C. GENTILE: Suppl. Nuovo Cimento, 4, 254 (1956). 
(6) R. R. HiLLIER: Thesis (1958), unpublished. 

(7) Lund Group: Ark. f. Fys. (1957-1960). 
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track is displaced laterally across it by means of a rotating glass cuboid mounted 
on a synchronous motor. The signal from the photomultiplier is displayed 
upon the screen of a cathode ray oscilloscope. The microscope substage illu- 
mination system is modified by the introduction of a slit which is focussed in 


the plane of the emulsion and whose effective width is about 20um. This 
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Fig. 1. — The advantage obtained through the use of a slit in the microscope substage 

condenser system is illustrated by the apparent blackness (obscuration) of a heavy track 

as a function of depth in the emulsion with the slit in place (black circles) and with it 
removed (open circles). 


serves to suppress the background illumination except in the immediate vici- 
nity of the track and cuts down the amount of light scattered by background 
grains into the objective directly in front of the track. The result is that tracks 
appear almost uniformly black throughout the depth of the emulsion. Fig. 1 
presents a comparison of the percentage obscurage of a heavy track with this 
slit in place and with it removed. 


3. — The obscuration of light by a heavy track. 


It is convenient to propose a simple model for the obscuration of light 
by a heavy track in order to show what characteristics of its structure deter- 
mine its blackness. Every track may be regarded as composed of two parts, 
first the core, which consists of grains produced by the ionization of the pri- 


225 


A Nol oa 


a 


REMARKS UPON THE DENSITOMETRY OF THE TRACKS OF HEAVY NUCLEI ETC. 939 


mary particle itself, and secondly the 3-ray grains produced by ionization of 
electrons scattered by the primary particle in its passage through the emulsion. 
Light tracks consist mainly of core, and 3-rays play only a minor part in the 
obscuration of light, whereas the obscuration due to a heavy track is pro- 
duced largely by the 5-ray grains. In this analysis it will be assumed that the 
core if completely masked by d-rays, that a grain is roughly spherical and 
totally opaque, and that all grains are approximately the same size. 

The grains of a track which lies close to the plane of the emulsion exhibit 
elliptical symmetry about the core as a result of the shrinkage of the emulsion 
during processing. If however one assumes that the illumination is a parallel 
beam moving perpendicular to the plane of the emulsion, say in the ¢-direction, 
the projection of the grains becomes independent of the distortion of the track 
in the 2-direction, with the result that one may assume the distribution of the 
grains to be cylindrically symmetric about the core without loss of accuracy. 
For such a distribution and such a parallel beam of uniform intensity 1, over 
the wave front it can be shown (see Appendix) that as a first approximation 
(neglecting diffraction phenomena and the effects of a small degree of de- 
focussing) the intensity of the attenuated beam at a distance x in the image 
plane from the track core is given by 


Tmax 


de 


(1) Ie), => exp — 2afo(r) $i de, 


x 


where 4 is proportional to the projected area of an individual grain, o(r) is 
the density of grains per unit volume as a function of distance, r, from the 
particle trajectory, and depends upon the number of grains per unit volume 
per unit ionization. Since the function /(x) is left unchanged by distortion 
of the grain distribution in the ¢-direction, Z(x), though calculated for a cylin- 
drically symmetric distribution, applies equally to the elliptical distribution 
which in fact exists. 

Eq. (1) is the plane projection of the track and is called the track profile. 
One may obtain a profile with the densitometer by making the upper slit suf- 
ficiently narrow in relation to the dimensions of the track. A slit whose effec- 
tive width in the object plane is about 0.5 um has been found to give a satis- 
factory profile and has been used to measure the profiles of fast, highly charged 
nuclei (Z ~ 20, 26) to determine the form of the function /(x) for relativistic 
particles. It has been shown by HILLIER (*) that it is well represented by 
a particularly simple funetion, namely 


constant-ionization 
(2) Ia) = I, exp |— = 


09 
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Fig. 2 exhibits a plot of In (1,/1(x æ)) against + for the tracks of relativistic par- 
ticles whose charges are estimated as those of iron, argon and neon, plotted 


PA 


Lie 


ln To 
100 
= 


| 
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— The function In (1,/1(x)) measured on the profiles of various heavy tracks, 
plotted on logarithmie scales. 


on logarithmic scales. 
showing that 


In each case the points lie close to a straight line 


Il 
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vase in which relativistic profiles of heavy tracks have been measured 
this relation has been found to hold; moreover, the constant of proportionality, 


i.e. the slope of the line, appears to be 0.90 + 0.05. 


In In Lo 
(æ 


In every 


4. — The structure of a heavy track. 


In view of the foregoing remarks, the structure of a heavy track will be 
defined by the distribution p(r) of grains due to 8- -rays about the particle’ s 
trajectory, as a function of the particle’s velocity pe and its charge. 

It is assumed that the energy spectrum of the 5-ray electrons is adequately 
described by the formula given by Morr (8) which supposes that only electro- 


static forces are important and that the electrons in the medium through which 


(UN. F. Morr: Proc. Roy. Soe., 124, 495 (1929). 
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the heavy particle passes are unbound and at rest. Where N(w)dw is the 
number of electrons whose energies lie between w and w+dw, 


(3) N(@) dm = const: SA — . 


Z and p are as usual charge and velocity of the primary particle. This spectrum 
has an upper limit given by 


p 


(4) Wmax = 2M,0°? ———— 


1 


Whatever assumption is made about the distribution of grains due to these 
electrons, it must lead to a projected grain density which will reduce in the 
relativistie limit to the form of eq. (2). It is possible to make two related and 
very simple assumptions which do satisfy the relativistic relation and which 
in other circumstances lead to results which are verified by observation. 

The first assumption is that there exists a parameter which may be called 
the transverse range, and which is defined as the greatest distance, r, trans- 
verse to the direction of motion of the primary particle that an electron of 
energy w reaches. Obviously, this is not well defined for individual electrons, 
but it is postulated that the transverse range averaged over many electrons 
of energy w will approach a unique limit, 7. Moreover it is assumed 
that a simple relation of the form r= kw* exists between 7 and w, where « 
is a constant to be determined by the condition that eq. (2) is to be satisfied. 
One may make an estimate of the size of « through the following consi- 
deration. Although due to very large straggling the range-energy relation for 
electrons is not well defined one may suppose that the exponent in its power 
law is about the same as that for protons, 2.6. 1.7. That is, if range measured 
along the track is denoted by 7’, then r'&œw 7. Now r<7r' so that probably 
x< 1.7. On the other hand, electrons of very low energy will execute a random 
walk for which roc vr’, and hence x may be expected to exceed (1.7/2). There- 
fore x may be expected to lie in the interval 


dle 
2 


= 


Using the Mott formula and the postulated transverse range energy rela- 
tion one arrives at a range distribution for the d-rays. The number of 5-ray 
electrons which have transverse range between r and r-+dr is 


(5) Mode METRE 
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The second assumption is that the average number of grains produced at 
a transverse distance s <r by electrons of transverse range r is constant for 
all s and r. Note that this implies neither that the electrons are projected 
perpendicular to the primary track nor that they are projected rectilinearly. 
Then o(r), the number of grains per unit volume at a distance r from the 
trajectory is given by 


72 pa 
o(r) oc Fi IO ds, 


where the 1/r term before the integral takes account of the cylindrical geo- 
metry. By performing the implied integration and substituting the result 
into eq. (1), and by letting r = x sec 0, one obtains the result 


sec! (7max/ a) 
In (1,/L(x) if HR 1 
ar D nn (sec 0)" "#40 — pra In (sec 0 + tg 0), 


i 


(6) 


where A is a constant depending upon, amongst other things, grain size a. 

For relativistic particles, r,.x > co, the second term vanishes and the in- 
tegral in the first term becomes independent of x. Moreover, it can be shown 
to converge if 0<1—1/x<1, i.e. a>1. (SOKOLNIKOFF (°), p. 350). If this 
condition is satisfied, then for relativistic tracks 


(7) In o 


It will be seen that this result permits one to fix « experimentally, for by 
comparison with eq. (2), one obtains x= 1.1. The transverse range energy 
relation for d-rays must consequently be of the form 


(8) if = hoe ae 


In writing the general profile equation, « was in fact set exactly equal to 
unity. This simplified the form of the resulting funetion which in any event 
appears to be somewhat insensitive to the exact value of « From eq. (6), 
the general profile equation for the track of a particle of charge Z and velo- 
city f is given by 


In (1,/1(x+)) eles - In (sec 0 + tg 0 
K(Z:|B) x 7 FER 


x max 


(9) 


(9) I. F. SoKoLNIKOFF: Advanced Calculus (New York). 
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The expression on the right, hereafter referred to as P(x, 7,,,,) is independent, 
of the nature of the primary particle. A family of curves P(«, 7 
computed for various values of r,,, 


has been 


ve) 


and is shown in Fig. 3. These curves may 


x 


IND) 


xrQ=>0a0650 
I 
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Fig. 3. — The function P(x, fmax) for various values of Tar. 


be used to calculate the profiles of tracks of any Z and f provided 1) the con- 
stant A is known, and 2) the constant k in the transverse range energy rela- 
tion is known. 


1) K depends upon the characteristics of the emulsion being used, in 
particular upon the average size of grains. It was readily obtained by meas- 
uring J,/I(#) for relativistic tracks of known charge in G-5 emulsion. A group 
of tracks whose charges must have been of the order of 26 gave the result 


= 40:27). er) 
RAA 0 
The error in AK corresponds to a possible maximum error in charge iden- 
tification of +2 charges. 


2) The constant k (r= ko!) is rather more difficult to determine. At 
first it was thought feasible to obtain it from measurements on the width of 
heavy tapers a few microns from their end points. The argument was that near 
to the core of a heavy track the 5-ray density is so great that all the silver 
halide grains available are made developable and clogging results. The energy 
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w, for which clogging takes place can be calculated (SKJEGGESTAD (1°)) and 
it turns out that as the residual range R diminishes, %,,, the maximum d-ray 
energy and w, approach each other, so that for an iron track at about 
R= 40 um, w,~ Wax» It was therefore expected that a measurement of width 
on such a track would give r,,, and thus k. In fact, at 37.5 microns 
from the end, the average width of an iron track appears to be about 
(2.9 + 0.1) um corresponding to k= 210, for r in micron, w in MeV. Consi- 
derations which will be dealt with in the next section have indicated that this 
is about 25% too large, and the cause of the trouble is probably that in this 
neighbourhood, the transverse range of 3-rays is approaching the dimension 
of the grains, and the relative error of one grain diameter is becoming into- 
lerably large. 


5. — Application to taper width measurements. 


The model which has been described in the foregoing sections has been 
used to calculate the widths of tapers as a function of their residual range and 
has been compared with measurements made on about 100 tapers of heavy 
nuclei (B—*Fe), chosen for their negligible dip. 

The measurements were performed in the following way. By the use of 
a rotating stage, the track was adjusted parallel to the slit which was 0.5 um 
wide in the object plane, and the profile was displayed on the screen of the 
oscilloscope. Because all measurements were made within 200 um of the ends 
of the tracks, the whole profile of even the heaviest track could be displayed 
without the need of displacing the track laterally to bring its extreme edges 
within the field slit. Thus the width at half height called the mean track 
width (MTW), was read off the screen of the oscilloscope directly, though in 
arbitrary units. The time base of the oscilloscope is locked to the angular 
motion of the rotating glass cuboid of the densitometer with the result that 
the profile abscissa is not rigorously linear; nevertheless no correction was 
made for this irregularity. It is easy to show that the greatest possible de- 
parture from linearity is about 3%. The MTW scale was calibrated by using 
the stage movement tho shift a feature which could be readily recognized 
both visually in the emulsion and displayed upon the oscilloscope through a 
known displacement. The tapers were measured at seven successive 25 um 
intervals, beginning at a residual range of 37 um, and no correction for depth 
in the emulsion was attempted. 

Models for the thin down or taper process have been proposed by various 


(9) O. SKJEGGESTAD: Nuovo Cimento, 8, 927 (1958). 
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workers, for example LONCHAMP (11), SKJEGGESTAD (1°) and BIZZETI and DELLA 
CORTE (©); these have dealt with nuclei whose charge was in general less than 
or at most that of oxygen. Amongst the lower charges, the track width is 
never more than two or three grain diameters, and the question of the pro- 
bability of the development of individual grains must come under consideration. 
This has been the approach taken by BizzETI and DELLA CorTE. Since in 
our work we are concerned with the heavier nuclei whose track widths, even 
within 100 um of the end, may be several grain diameters, we have assumed 
that approximately correct results could be obtained by extrapolating our 
essentially continuous theory to these regions, using a range-energy relation 
for heavy nuclei suitably modified to take account of electron pick-up near 
the end of their flight. Such range-energy relations for nuclei up to about 
iron are to be found in POWELL, FOWLER and PERKINS (1°). 

The MTW is the width of the profile where I(x)/Iir=}. The function 
P(%, rx) is used, together with the Ô-ray transverse range energy relation, 
to calculate MTW for various Z and f by locating the point of intersection 
of the straight line 


with the curve P= P(a, 6?) and reading off from the graph (Fig. 3) the value 
of x, which is one half the mean track width. This method has been used to 
obtain a charge scale for mean track widths at 100 um residual range and this 
is shown in Fig. 4 superimposed upon the distribution of mean track width 
at 100 um obtained by averaging the mean track width at 87.5 um and 112.5 um. 
In view of the fact that each determination consisted of the average of 
only two readings, and used at most the information available in a fifty um 
length of track, it is remarkable that fair charge resolution has been obtained. 
Moreover, the theoretical charge scale corresponds satisfactorily with the exper- 
imental track widths. It has been considered unwise to try to predict half 
widths for tracks made by nuclei of charge four and less because the 3-rays 
on such tracks play a less important role than the core of the track. The mean 
track width of core alone is illustrated by the very large peak at approximately 
one um, which consists of protons measured at one mm residual range. 


(11) J. P. LoncHamp: Annales de Physique, 10, 201 (1955). 
(2) P. G. Bizerri and M. DeLLA Corte: Particle Photography Conference (Mont- 


real, 1958), p. 283. 
(3) C. F. PoweLL, P. H. FowLER and D. H. Perkins: The Study of Elementary 


Particles by the Photographic Method (London, 1959). 


60 - Il Nuovo Cimento. 
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To show that the charges of particles represented by peaks in the histo- 
gram were not widely different from the values given for them by the charge 


number of tracks 


20 N 
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Fig. 4. - Charge spectrum obtained by measuring mean track widths of tapers at 100 um 
residual range. The peak at 1 um is composed of protons measured at 1 mm residual 
range and serves to illustrate the results of measuring mean track width upon a track 
bare of 5-rays. The superimposed charge scale has been calculated upon the basis 
outlined in the text. 


scale, a small sample of these were remeasured with a wide slit (2.5 um) at 


a residual range of 2 cm. 


MTW in pm 


50 


100 200 400 


residual range in pm 


Twenty successive readings, each using the infor- 


mation in 50 um of track were 
taken and averaged to obtain 
the final parameter which was 
regarded as a measure of the 
charge. Formerly, a group of 
about 100 tracks of particles 
of all charges down to lithium 
and including some helium had 
been dealt with in this way 


Fig. 5. — Esperimental mean track 
widths measured between 100 um 
and 200 um residual range (10 ear- 
bon, 10 neon, 4 iron) plotted to- 
gether with theoretical mean 
track-width curves. 
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and a charge scale fitted (EVANS (!*)). Comparison between the present sample 
and the former spectrum indicates a random discrepaney of plus or minus 
one charge. 

Mean track width vs. residual range curves have been calculated for a se- 
lection of charges, and MTW’s of groups of tracks whose MTW at 100 um 
makes them appear to be near the appropriate charges were averaged to obtain 
points which are displayed together with the calculated curves in Fig. 5. In 
order to make the iron points fit their curve, it was found necessary to adjust 
the constant k to 150 i.e. 


r= 1506. 


The effect of the adjustment upon the carbon-neon group was negligible. 
* *k * 


The authors wish to thank Professor C. F. PowELL for the hospitality of 
his laboratory, Dr. C. J. WADDINGTON for helpful discussion and criticism, 
and the staff of scanners for their valuable assistance. 


APPENDIX 


Derivation of Equation (1). 


Refer to the diagram (Fig. 6) 
which illustrates the symmetry of 
the $-ray grains about the primary 
particle trajectory. Plane parallel dz 
light travels in the + 2 direction. 
It is assumed that light is re- 
moved from the beam by simple 
shadowing and diffraction effects 
are neglected. 


Plane ofemulsion 


Fig. 6. — Diagram representing the 
obscuration of light by a track, 
viewed in cross-section. The particle 
trajectory is perpendicular to the 
plane of the diagram and intersects 

at it the origin. Illumination 


(4) D. E. Evans: Moscow Conf. on Cosmic Rays, (Moscow, 1960), vol. 3, p. 92: 
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Consider a beam of light of width dx at # and length into the plane of the 
diagram one unit. If the intensity in the beam at 2 is I(, 2), then the loss in 
intensity consequent upon traversing the element dz is proportional to the 


ratio 


total area of cross-section of grains in volume element 
area of cross-section of the volume element 


which is 


where o is the number of grains per unit volume and a the area of cross- 
section of a single grain; 7.e. 


di(x, 2) = — aol (a, 2) dz. 


From consideration of cylindrical symmetry, o is a function only of 7, 
the radial distance from the primary particle trajectory. 


Thus 
I(x) Tmax 
dl(v,z) g Ada 
IE En sli dr Sher 
Io rea 


which, upon integration, results in 


(a) = 1, exp - 2a{ or 3 dl ‘ 


RIASSUNTO (*) 


L'analisi della struttura delle tracce dei nuclei pesanti nelle emulsioni nucleari 
porta ad un metodo per calcolare, con misure sulla traccia con un densitometro, scale 
di carica appropriate ad ogni dato parametro riscontrato. Come esempio calcoliamo 
le larghezze medie degli assottigliamenti ad un range residuo di 100 um, per vari valori 
della carica, e otteniamo una buona concordanza con i risultati sperimentali. 


(*) Traduzione a cura della Redazione. 
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(ricevuto il 28 Febbraio 1961) 


Summary. — The mobility of positive and negative charges in liquid 
helium II has been measured as a funetion of the pressure, for pressures 
ranging from the vapour pressure to the melting point, in the temper- 
ature range 1.9 to 1.1 °K. The mobility of the positive charges was found 
to decrease with the increasing pressure, but this decrease cannot be 
accounted for in terms of the known change in the roton density. The ne- 
gative charges behave in a peculiar way which can be easily accounted 
for by the bubble model. For both charges an unexplained sharp break 
is found at about 1.3 °K especially at the higher pressures. 


1. — Introduction. 


Previous measurements of the mobilities of positive and negative electric 


charges in liquid He (!*) have indicated their dependence on the temperature. 
The aim of this paper was to investigate further the nature of the electric 
charges and their behaviour in liquid He II under pressure. To this end we 
have measured for the positive and negative charges the mobility as a function 
of the pressure in the range from 1.9 to 1.1 °K. 
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2. — Description of the apparatus. 


The method used to measure the mobility is a new time of flight procedure 
and is thoroughly described elsewhere by one of us (?). The electrodes are con- 
tained in a stainless steel cell provided with a copper bottom, to maintain 
good thermal contact with the external bath. The copper plate is sealed to 
the cell by means of an indium gasket which has been found leak tight below 
the A-point even at the highest pressure. The cell is connected to a cylinder 
containing ‘He at a pressure of 140 atm through a capillary with an inner 
diameter of 1 mm except on the last section in which it is reduced to 0.2 mm 
to avoid a large heat input towards the apparatus. The 99% pure He gas 
from the cylinder is further purified by means of a liquid He trap. The pres- 
sure is measured by manometers calibrated to 0.5%. The values which we 
observed for the melting pressure were in good agreement with those obtained 
by KEESOM (8). 

The temperature which was kept constant by an automatie thermoregu- 
lator, was monitored by a 10 ohm Allen-Bradley carbon resistance thermo- 
meter which was calibrated against the vapour of the liquid helium bath. 


3. — Experimental results. 


The pressure and temperature range covered by these measurements is 
shown in Fig. 1 for positive and Fig. 2 for negative ions. The experimental 


Pp 2 
atm ne = 


kg 

cm 
Fig. 1. — The pressure and tempera- Fig. 2. — Experimental values for the 
ture range covered by these measure- mobility of negative ions as function of 
ments for positive ions. the pressure at constant temperature. 


(7) S. CunsoLo: to be published in Nuovo Cimento. 
(8) R. KEESOM: Helium (1942), p. 202. 
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20 30 


Fig. 3. — Experimental values for the mobility of positive ions as a function of the 
pressure at constant temperature. 


values for the mobility of positive ions have been plotted in the five isotherms 


of Fig. 3 as a function of the pressure. 


are shown in Fig. 2. 


Similar results for the negative ions 


Care was taken that the measurements were all made at electric fields low 


enough to have the mobility inde- 
pendent of the applied field (3:49). 
We first explored the change of 
the mobility when the melting 
point or the A-point were reached. 
In both cases drastic changes were 
noticed: when we reached the 
freezing point we found that the 


Fig. 4. — Experimental values for 

the mobility of positive ions at 

T=1.86 °K in He. Note the break 
at the À-transition. 
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Fig. 5. — The reduced mobility of positive ions w/#, being the value of the mobility 
at vapour pressure, vs. the reduced density 0/0, of the liquid helium. 
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currents of both signs disappeared 
indicating that in the solid neither 
the positive nor negative charge 
can move at all (1°). The À-point 
was crossed at 1.86 °K as shown 
in Fig. 4. The mobility changes 
abruptly and reaches at that pres- 
sure the value obtained at the ]- 
point under the vapour pressure. 

For a better understanding of 
the data, we have plotted in Fig. 5 


Fig. 6. - The mobility values at con- 
stant pressure for positive ions, plot- 
ted vs. the reciprocal absolute temper- 
ature. These values are interpolated 
from the data of Fig. 2. 


(1°) G. CARERI, U. Fasori and F. GAETA: Nuovo Cimento, 15, 774 (1960). This model 
is substantiated by recent theoretical work by Kuper, submitted for publication to 


Phys. Rev. 
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the ratio (4/4 (Where y, indicates the value of the mobility at vapour pressure) 
vs. the ratio of the densities 0/00, and in Fig. 6 the dependence of the mobility 
on the temperature at constant pressure. 


4, — Discussion. 
41. Positive ions. — Let us start writing the mobility expression 


CÀ 
1 = — ; 
( ) u me’ 
where e is the electron charge, m the effective mass for the ionic motion, © the 
average velocity and 2 the mean free path of the ion. In this temperature 
range we can consider the rotons as the only scattering agents, and therefore 


— 1 . 
= DU NAN 


(2) À 


where o;, is the ion-roton cross-section and N, the equilibrium number den- 
sity of the rotons. 

The pressure dependence of the mobility is obviously due to the pressure 
dependence of m, 6; and N,, but before investigating this dependence we 
must ask ourselves the validity of expression (1). A glance at Fig. 6 shows 
that the break of logy vs. 1/7 curve at 1.3 °K is more and more noticeable 
when the pressure increases. At first one might think this break to be due 
to the change in the roton energy gap A at this temperature, because of the 
incipient non-ideality of the roton gas which affects (1) by the change in N,. 
This change in 4 is also detectable in neutron experiments (14), but these 
experiments show also that a much more pronounciated change in A should 
occur close to the 2 temperature, while the mobility curve is then insensitive. 
Therefore one should considerably doubt of the applicability of eq. (1) to the 
temperature range below 1.3 °K, where a different kind of expression should 
be used. This range therefore will not be considered any further, due also to 
the lack of knowledge of the pressure dependence of A and po. 

Next we will consider the range of temperature below 1.3 °K, and apply 
expression (1) with the further hipothesis 


= Di ea (o a, 
8) on 00 Da i 


(11) D. C. HensHAW and A. D. B. Woops: Proc. VII International Conference on 
Low Temperature Physics (Toronto, August 1960). 
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and calculate the mobility with the resulting assumption that the pressure 
makes itself felt only through N,. The value of u/u, calculated at this value 
of the maximum ratio 0/0 — 1.15, is about 30 % lower then our experimental 
results. Furthermore the relative position of the curves e and d of Fig. 4 is 
also unexplained. We conclude that the assumption (3) must be wrong, as 
one could have anticipated. We may hope that a theory will be worked out 
to account for the correct dependence of m and c,, from the pression, but at 
the present this analysis cannot be pushed any further. 

Finally we would like to comment that our measurements below 1.3 have 
not been extended at too low temperatures because the mobility in this range 
starts to be voltage dependent (*), and the entire matter is still a subject of 
investigation in this laboratory. But from the very few data here reported 
at 1.3 °K, 1.2 °K, 1.12 °K, it seems that the slope of the log u-1/T curve is 
independent from the pressure. This is in contrast with the known (!) de- 
pendence of / from the pressure, and this seems therefore one more indication 
that in the mobility expression also the effect in m and o,, must be taken 
into account. 


42. Negative ion. — The behaviour of the negative ion seems curious at 
first sight, its mobility first increasing and then decreasing with the in- 
creasing pressure. A qualitative explanation however is possible if we assume 
for the negative ion the « bubble model », already proposed by CARERI, FASOLI 
and GAETA (!) to explain its behaviour in other experimental situations. 

According to these authors, the negative ion is essentially a free electron 
trapped in a cage or bubble, by the opposing action of its zero point energy 
and the polarization forces. It is then quite conceivable that under the action 
of the external pressure the bubble size will first decrease, reducing in this 
way its cross-section and augmenting the mobility accordingly. A further 
increase of the pressure will now decrease the mobility for reasons similar to 
the ones outlined above for the positive ion. 


* * * 


Thanks are due to Prof. G. CARERI for many useful discussions and sug- 
gestions concerning this work and to Dr. U. FAsoLI for kind co-operation for 
the construction of the high pressure apparatus. 


Note added in proof. 


While this work was at the printer we received the preprint of a paper by MEYER 
and Retr on the same argument. These authors have made their measurements in 


a temperature range somewhat lower than the one which we have investigated in the 
present work. 
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or 
or 


In the temperature range where they overlap, their results for positive ions agree 
with ours. 

For negative ions the comparison of the isotherms shows that there is agreement 
from the vapour pressure up to the pressure at which the mobilities of the positive 
and negative ions become equal. For higher pressure we find that the mobility of negative 
ions is always higher than that of the positive ions, while the data of Meyer and Reif 
show equal mobilities for all the pressures above 7 atm. 


RIASSUNTO 


E stata misurata la mobilita di cariche elettriche positive e negative in elio liquido IT 
in funzione della pressione, per pressioni che vanno dalla tensione di vapore al punto 
di solidificazione e nell’intervallo di temperatura compreso tra 1.9 °K e 1.1 °K. Abbiamo 
trovato che la mobilità delle cariche positive decresce col crescere della pressione, ma 
questo calo non può essere spiegato in termini della nota variazione della densità dei 
rotoni. Il comportamento delle cariche negative può essere facilmente spiegato col 
modello a « bolla ». Per le cariche dei due segni è stato riscontrato un cambiamento 


di pendenza della mobilità in funzione della temperatura a circa 1.3 °K, specialmente 
alle più alte pressioni. 
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for Potential Scattering. 


V. DE ALFARO and T. REGGE 


Istituto di Fisica dell’Università - Torino 
Istituto Nazionale di Fisica Nucleare - Sezione di Torino 


(ricevuto il 2 Marzo 1961) 


Summary. — A discussion is outlined on the Martin form of the Noyes 
and Wong equation in potential theory. A theorem is given about the 
connection between zeros of the discontinuity of the S-function and the 
resonant states. 


1. — Introduction. 


In a recent paper MARTIN (1) has proposed a new form of the well known 
Noyes and Wong N/D equation. The discussion of this equation is particularly 
simple for the case of potential scattering although it can be readily extended 
to fit into more involved situations. 

We shall limit here ourselves to S-waves. As MARTIN has pointed out, 
for finite range potentials the following representation of S(k) exp [2id] can 
be written, where k?= # (we adopt natural units, #4 — c= SS 1): 


w(x) da 
1 SR 
n i x + tk 


(1) S(k Eta 412 | 
Wi 
il 
ae x — So 


(1) A. MARTIN: S-matrix, left hand cut discontinuity and potential, CERN preprint. 
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The problem is that of constructing the function S(k) from the knowledge of 
its discontinuity along the imaginary axis of k. It should be pointed out that 
in the current literature the so-called Noyes and Wong equation refers to the 
upper plane of & only and it is written with the energy H as variable. From 
(1) we see that S(k) is clearly unitary and that the discontinuity is given by 


RI 1 w(x) da 
fr 


This formula is at the same time an equation for the weight function w(£) 
and, if solved, yields w(É) and therefore S(k) in terms of D(É). Let w(É)= 
= D(é)F(é). We have 


(co) 


AS D(a) F(a) dx 
(3) me) =1+{ ot oe 


B12 


This is an integral equation for F(&) of the Fredholm type. S(k) is related to 
F as follows: 

Fk) __f(k) 
(th) iG k) 


S(k) = 


F(ik) is better known as the Jost function f(k). Eq. (3) can be solved ac- 
cording to the standard methods of analysis. The solution is formally given by 


4 we) =1 490), 
where 
(5) Hs ab, … dE, D(E,) ... D(E,) det | 
= 2, Dm 500 1° n 1 n ey LE, 
ul2 ul2 


A(x) = ice al ine (Es) dE By det |), 


where ba Ei if q<n, and = TB 
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9. - Discussion of the integral equation. 


The condition under which this expansion converges can be found with 
the help of Hadamard’s lemma which places an upper bound on the deter- 
minants. A more refined result can be derived by finding first an explicit form 
for the determinant as follows. The determinant 


il al LI 
1 26, & == È, “i È, == Ca | 

det, = det Las = : 3 | ? 
SF de È, Di 2En | 


is obviously a homogeneous rational function of the &,’s of degree — n; 2.e. it 
is the ratio of two homogeneous polynomials in these variables: det, = W/Z. 
The lower polynomial Z can be taken to be the product [] (&,+¢,) which 


D,q 
is of degree n°. The upper polynomial .W is clearly of degree n(n — 1). It is. 
invariant under any permutation of the indexes 1... n, because any such 
permutation leaves the denominator unchanged and displaces in the same 
way both rows and columns of the determinant. On the other hand the 
numerator has to vanish whenever two &,’s coincide; # has to be of the 
form 7 || (&,—&,)?, where F is of degree zero since [] (&,—é,)? is already of 


D <a p<a 


degree n(n—1). 4 is therefore a constant, A= P,. It follows 


1 al oes à À 
(6) det, ‘Pi On È È (ks Sal : 
d° See Sn o<q (En + Cal? 


But by taking the limit £,—co we easily see that 


lim 26, det, = det,_, . 


From this limit it follows that P,— P,,. But P,= 1; hence we have P,=1. 


From (6) we have the upper and lower bound: 


(7) 0 < det, <T[ + 


p=1 26, | 


From this bound we find for A: 


|[4—1|<e4—1, 
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where 


ID 
_ av 
pla 


If A<In2, A cannot vanish and we have certainly a solution of the Fredholm 
equation. 

If the integral for A does not converge we have so far no way of saying 
anything about the solution. 

With the same procedure sketched above for det,, we find; 


1 il al dl (E, — E)? Il (Ë, — En) (En — x) 
det | —T—|= : 
3 = + si DEA si eee res II (co SE SE Sa sia x Ii (ee Sin Si 4 x) 
It follows 
1 ners gees | 
der = 
| i E, + ey » ade, Ent 
and 
af DAI 
A(&) < e DEA 
ul2 


If D(x)<0, A is certainly positive and the equation admits a solution if 
A<oo. In his work MARTIN has shown that D(x) determines uniquely the 
potential. This is also evident from the fact that f(k) is also completely deter- 
mined by D(x). Now GEL'FAND and LEVITAN have shown how to derive V(x) 
from f(k) and the result is again unique. 

Some doubt could exist as to whether S(k) determines V(x) uniquely. In 
fact in Gel'fand and Levitan’s theory there is room for phase equivalent poten- 
tials, id est potentials with the same phase shifts and different bound states. 
It is worth noticing that all these potentials have different f(k) but the 
same S(k). 

But one works here with finite range potentials, which give singularities 
of f(k) only for |k|>p/2, argk= 7/2. In this case the potential is uniquely 
determined, once the S-matrix is known. Let us suppose that d(k) be the 
phase-shift corresponding to a finite range potential, which, for sake of sim- 
plicity, has no bound states, and let f(k) be the corresponding Jost function. 
f(k) is easily obtained from 6(k), writing down a dispersion relation for In f(k): 


(col 


P (d(£) de? 
Rem f(t) = = | ae = 


0 
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Here clearly we have taken the determination of 6(k) such that die = 0. 

Now we suppose to have another potential with the same phase shift but 
a bound state in k=—id. The integration has now to be performed along 
the path shown in Fig. 1. Let us call f(k) the corresponding Jost function. We 
see that 


P feyag ET 
na} E — k? ke 


0 


Re In f(k) = 


from which f1(k)=f(k)[(k?+2)/k?]. 

K plane Besides the bound state there 

resonance anti bound state appears a virtual one in k= iA, 

| resonance in order not to affect the value 

of S(i2). A factor k appears also, 

in order to restate the behaviour 

at infinity; but this shows a pole 

at the origin, and the correspond- 

ing potential is not a short range 

one (see BARGMANN’s (?) paper, 

in which some phase equivalent 

potentials are given: only one is 
Rudi short ranged). 


bound state 


3. — The sign of D(x) and the number of poles of S(K). 


There is a simple and interesting inequality between the number of changes 

of sign of D(x) in the interval 4/2... co, and the number of poles of S(k) 

with Imk> 0. In order to find it let us consider the Jost function. The zeros 

of this function with Imk<0 correspond to bound states, those with 

Imk>0 to the resonant and virtual (or antibound) states. Let us suppose 
that none of the last ones falls on the cut p/2... co. 

The function q(k) = arg f(k) is multivalued in k since each zero of f(k) is 

a branch point of Inf(k). In order to make it single-valued we cut the k 

plane with straight lines connecting each zero of f(k) with k= i(u/2). We 

define arg f(k) elsewhere in such a way as to have lim arg f(kK)=0, arg kA~Aa/2. 
k—>oo 

We know that g(—k*)=—g(k). Suppose now that g((iu/2)—e)=. We 

have g((iu/2)+e)=—%. On the other hand one can go from k = (iu/2) —e 


(2) V. BARGMANN: Rev. Mod. Phys., 21, 488 (1949). 
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to k= (tu/2)+e through the path P shown in Fig. 2. In so doing we encircle 

all zeros of f(k) anticlockwise and m must increase by the amount 2m where 

m is the total number of zeros of f(k) enclosed by P, i.e. is the number n of 

bound states plus the total number of resonances and antibound states. 
Therefore g=—mz. On the other hand 


= See — Stiw + 2) _ flu —s) — fia +8) 
dari 2aif(— ix) 


D(x) = - 


Î(— x) is analytic for x real> 0. Putting 
f(iæ+e) — 0(0) exp[— iD(x)] we have 


K plane 


ine o(æ) sin DE) 
rf (— i) 

Let D(x) be at first continuous. If 
we let « increase from yu/2 to co, and 
if (x) is continuous, then ® must 
change continuously from the value ma 
to the value 0. 

Therefore sin D(x) must have at 
least m —1 zeros in the interval u/2 < 


<@<.00. These are also zeros of D(a) ioe. 
if f(—ix) does not vanish simulta- 
neously with sin D(x). This may happen only if k=— x is a bound state 


and therefore it can happen at most n times. D(x) vanishes at least m—n—1 
times. If we know the number of zeros of D(x) then we may place an upper 
limit on m—n. In particular if D(x) is of constant sign we have m—n<1. 

If D(x) is a distribution, for instance a Dirac function, we may proceed 
by approximating it with a continuous strongly peaked function and then 
going to the limit. 

This theorem obviously recalls the analogous result of Levinson which 
states that 6(0) = na. 

Our results can be easily checked for the simple case where D(a”) =D -06(a—ay). 
Here the solution of eq. (2) is elementary and one has 


PIE) = 14 D ii 
i) 2 Dr) att 
This function has one zero only in €=—«(2a,+D)/(2%,—D)). It can 


have therefore at most one antibound state and no resonance since these occur 
in pairs of conjugate zeros. This could be seen as said by approximating the 
ô-function by some strongly peaked function. 


61 - Il Nuovo Cimento. 


2273 


962 V. DE ALFARO and: T. REGGE 


We may now examine the case where f(æ) has a zero in k= ky, where ko 
is on the discontinuity. We have of course f(k5— €) = f(ko +e). This case is 
quite possible, indeed it appears already in the above example. If D>0O 
and 2x, > D the ensuing zero of F(é) lies on the support of D(x) beyond the 
point 2. If this antibound states appear, they do not show up in computing 
the number m of the formula pì =— mx. Yet they act in the sense that 
@(x) has a discontinuity AD=x whenever these zeros appear; sin D(x) changes 
its sign and simultaneously o(x) vanishes. The result is that these zeros 
appear as additional zeros of D(x). Luckily this reinforces our statement 
regarding the difference m—n—1; we are still able to say that m—n—1 
does not exceed the number of zeros of D(z). 

If D(x) = 0 in some interval a<x<b then f(k) is analytic and real in 
this interval, and therefore D= qa, q integer. q may not be a constant in 
this interval since f(k) may vanish. 

The case D(x) > 0 is interesting. Since o(#)>0 and lim F(x) — 1, sin O(x) 
is asymptotically positive and so is D(x) because ® is small for large w and 
sin D D. But ® must finally approach the value — ma where m>0. In 
so doing sin ® must change its sign at least m times. But these changes take 
place only by having f(x) = 0, or by having m bound states. Therefore there 
are neither antibound nor resonant states. If we allow D(x)=0 then we 
could have an antibound state where D(x)= 0; the detailed discussion of 
these and other particular cases would however carry us too far. 

We want at last to note that this problem could be treated in an analogous 
way also out from a potential theory framework, if the approximation of only 
elastic scattering is done. In this case however we have no prescriptions on 
the behaviour of w(x) at infinity, so that there could be the need for a sub- 
tracted form of f(k); this is a way for introducing arbitrary parameters ana- 
logous to the Castillejo-Dalitz-Dyson poles, i.e. bound or resonant states which 
don’t vanish with the switching off of the coupling constant. 


We wish to thank Prof. M. CINI for many discussions. This work was done 
while one of us (V.D.A.) was at the Istituto di Fisica dell’Università di Roma, 
and he wishes to thank very much the Direction of the Institute and the 
Theoretical Division for the kind hospitality 


u 


RIASSUNTO 


I , | . i Pe € ‘ Wena 1 1 i 
n questo lavoro viene fatta una discussione della equazione di Noyes e Wong in 


teoria del potenziale nella forma data da Martin. Si dimostra un teorema sulla relazione 


tra gli zeri della discontinuità della funzione S e il numero di stati risonanti. 
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(ricevuto il 13 Marzo 1961) 


Summary. — The Bogoljubov-Valatin canonical transformation is per- 
formed, then the perturbation approach for the evaluation of the true 
states of a large Fermi system is examined. It is shown that the diffi- 
culty of the usual perturbation expansions due to the pole in the Brueckner 
t matrix is in general overcomed by this procedure. It is shown that the 
corrections introduced by the interaction between the quasi-particles in 
the excitation energy are of the same order of magnitude of the excitation 
energy itself in the region of its minimum. These corrections appear 
to be slowly dependent on the strength of the interaction. An approxi- 
mation is introduced which is an extension of the Brueckner one. 


1. — Introduction. 


In the theory of some Fermi systems one finds a difficulty in defining 
the perturbative expansions, due to the pole which appears in the t matrix 
defined by BRUECKNER (**); this pole is strictly connected with the bound 
states of two particles of opposite momentum and spin near the Fermi surface, 
discovered by COOPER (*). 

The existence of the Cooper state gives rise to the superfluidity of the system, 


È 


since it introduces a gap in the excitation spectrum of the system (5). 


(1) C. BLocn: Comptes rendus du Congrès international de Physique Nucléaire (1958) 
(Paris, 1959). 

(2) V. J. Emery: Nucl. Phys., 12, 69 (1958). 

(3) L. Van Hove: Physica, 25, 849 (1959). 
(4) L. N. CooPER: Phys. Rev., 104, 1189 (1956). 
(5) J. BARDEEN, L. N. Cooper and J. R. SCHRIEFFER: Phys. Rev., 108, 1175 (1957). 
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A mathematical clarification of the problem is obtained introducing the 
Bogoljubov-Valatin (55) canonical transformation, which makes the hamiltonian 
of the system formally identical with that of a system of fermions (called quasi- 
particles) whose kinetik energy has a minimum value A. In such a way we 
introduce a gap in the energy spectrum. 

Since this procedure eliminates the vanishing denominators which were at 
the origin of the difficulty, it is likely that one overcomes the difficulty itself 
performing first the canonical transformation and then making the pertur- 
bative expansions (3°). 

If this is verified, one can calculate the real states of the system and see 
if the gap, which appears in the unperturbed (kinetik) part of the quasi-particle 
hamiltonian, remains after the introduction of the interaction hamiltonian H,, 
between the quasi-particles. 

In this paper H,,, is examined with the use of diagrams which are the na- 
tural extension of those used by HUGENHOLTZ (1°). 

The corrections introduced by H,,, to the energy of excitation in the region 
of minimum (i.e. k = k,) are of the order of magnitude of the excitation 
energy itself. 

A t matrix is introduced, which is the analogue of the Brueckner ¢ matrix. 
The absence of poles in the 7 matrix is proved directly in the case of separable 
potentials; it seems that this property is very general. 

With the use of the t matrix an approximation is considered which 
should have its validity at low density. The approximation could be modified 
applying a self-consistent method which is an extension of the Brueckner 
VIALI) 


2. — The perturbation expansion. 


Let us consider a large system of fermions, whose hamiltonian is: 


(1) H= De,-A)ata, +} Y <k51,k28 
ks kikokaka 
S1 82 Sg 84 


PIE PIENE 
V | hs 855 ka 84) ds, Ox, Use Pas, * 


(9) N. N. BocoLsuBov: Nuovo Cimento, 7, 794 (1958). 

(7) N. N. BocorguBov, V. V. TOLMACHER and D. V. SurrKov: A New Method in 
the Theory of Superconductivity (Moscow, 1958). 
(5) J. G. VALATIN: Nuovo Cimento, 7, 843 (1958). 
(9) G. Fano: Nuovo Cimento, 15, 959 (1960). 
(9) N. M. HucENHoLTZ: Physica, 28, 481 (1957) 
; (ie Bora short review of the Hartree and Brueckner approximations see: R. J. EDEN: 
Nuclear Reactions, edited by P. M. Expr and M. DEMEUR (Amsterdam), p. 1. 
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Let us perform the canonical transformation (%8): 


Oat 


=- ) 
Xe au ks “ks 


k 


? == en. are PSE 
Da = — Vy = 0, ) uto=1. 


With the usual procedure of elimination of the dangerous diagrams (minimi- 
zation of the expectation value of the hamiltonian) one obtains (#8): 


(3) H=URE 2 E, CIC Fe ER 2 PPS 
where 
(4) U = > {(e—A) + 4 Dd ks, k's'|V|k's', ks): — SF Ay, Uy % 5 
ks k's’ k 
(5) By = VE+ dî, 
(6) f= 6 Asbi Vik st hss 
om 
(7) = 5-2). 


and À, is solution of the equation: 


DI Ay 
(8) Ar= 32 WI, IVI. 
ie PO 


The trivial solution of (8) 

(9) A = 0 

gives the normal state; in this case the energy of the ground state is identical 
to the energy evaluated with the Hartree approximation (1%). 


H,,, can be written in the form (1%): 


(10) HP his, ls: 


V [Kes 83, Ra 8a) Na a Vays, ds) 3 


kis; Vasa 
a 2 
(11) Us = U, Kies 13 Os Lys ? 


where N means normal form. 


(2) The connection of the method with the Hartree-Fock self consistent method 
is discussed in a paper by VALATIN (to be published). 
(18) For a clear derivation of the various parts of the hamiltonian see ref. (*). 


2277 


966 A. TOMASINI 


We wish now to examine the effect of H,,, by means of diagrams; therefore 
we write (10) explicitly. After some manipulations one finds: 


(12) He GE Hou Hz H,, Hs Hy nl 
where 
(13) Hoo DI <— ky— 813 — ki 82|V |k353) kiss) (07 0 pe, Uy, Uy,,)° 


fo 4 


K181 x 289 easy easy ) 


(14) H, = H2+ HO = ES [His — ko— 8.|V |ka 83, ka)” 


"UV uu, + <— k,— 8, — ks— 83|V |— ky— 81, hy 82° 


ki —ka—ss kg “ka | 


DES) ) ) ro 
È —ki—s1 U —k.—s, ( —Ks—s3 U, | Lys, Lisa Con Kris ? 


(15) Hy = HY + HP + HS = SES, lasa|V|ka 82; bas 


22 


We, Up, Ur, Ur, + <hr 81 — kg 83 [VI Rasa, — ko— 82) U,V ORO = 


ky —ka-sa —k3—sa Ka 


+ 
T 


mn ; Pa As 3 
Ris: ° —kaS2 £ —ks—s3 ( dui si Or. Se Ass Lys, 


+ 44181, kosa |V|k3 83, Ka Sad 0 


~ 


(16) Ay, = Hi =p HA =} > [<a 81, Ke Sa | V |— kz— Se, Ka8ad* 


Wy: Ugg > (hy 8a la RO 


ky Ka—Sq ist Sas PZ Kisi 


+ 


K383 ee, 7 


— 
= 
“| 

— 

= 

[=] 

I 


t >» (hy 81, Ko 82 


Va ks S3, ka— 84) 


In the case of the normal solution (9) one has: 


(13) U, = 0 5 v, = 1 ; k< kr 


(19) (rali 0, == 0, le 


and a quasi-particle corresponds to a particle for %k > k, and to a hole for 
k<k,. The various terms of the hamiltonian give rise to the diagrams shown 
in Table I. 

Therefore we see that the canonical transformation with the normal solu- 
tion (9) is completely equivalent to the use of the single-particle potential which 
annihilates all the diagrams containing lines with two end points at the same 
Were, (2), 

In the case of the not trivial solution of (8) we can again indicate the 
various terms of H,,, with the diagrams of Table I. 


SUPERFLUIDITY 


AND PERTURBATION EXPANSION IN A 


TABLE I. 


LARGE 


FERMI SYSTEM 
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STE 
leben annihilation of two particles and two holes. E 
| 
| = = E 
| = so SESSI AES | 
. . . | 
H® annihilation of two particles and one hole, and | 
Le | creation of one particle. 
| 
| ee = = BEDA a= eee 
| 
H® annihilation of one particle and two holes and 
| ue creation of one hole. 
| nt dal 3 = Pe SL 
| 
| HS} | scattering of two particles. x 
2 Ù . 
ne scattering of one particle and one hole. + < 
H$ | scattering of two holes. ATE 
‘a annihilation of one particle and creation of two 
da ticles and one hol 
particles and one hole. 
H® annihilation of one hole and creation of one par- 
su ticle and two holes. à 
Ela creation of two particles and two holes. 


This is equivalent to indicate with an arrow pointing to the left (to the 
right) a factor «, (a factor v,). 
Now each internal line must be indicated with two arrows since diagrams 


can appear which 
which must be represented with 
an arrow pointing to the left and one 
pointing to the right. Such lines will 


U, V;, ) 


contain a factor 


be called A-lines. 
For example both diagrams of Fig. 1 exist, while in the normal case only 
la is different from zero, since w,v, — 0. 


Fi 


we, Il. 


>: 
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In the not trivial case each A-line introduces an integration with a factor 
(20) Vide er 


which is different from zero only near k=k,. Therefore in general the 
contributions of the diagrams containing these lines are very small. However 
there are cases in which they can give contributions of the same order as the 
others. 


3. — Corrections to the quasi-particle energy. 


We will now examine the corrections to the energy of a free quasi-particle 
given by H,,,. 

Following HUGENHOLTZ (!°) we can see that the energy of a system with 
one quasi-particle is equal to the energy: 


(21) Pr = E+E,, 


where H, is the energy of the vacuum. In order to evaluate E, one must cal- 
culate the contribution of all the sin- 


k k k k gle-particle self-energy diagrams. 
ACE eas We want now to show that the 
contributions to #, of the diagrams 
a) k a’) k 


without A-lines can be summed in 
pairs in such a way that for k=k, 
they give rise to terms which are of 
the order of magnitude of the unper- 
pi k dI) turbed energy A= 4,,. 

Such pairs of diagrams are shown in 
Fig. 2, where the bubble X (X') means 
any sort of diagram without A-lines. 

The diagrams 2a (2b') are multiplied by a factor Ur while the diagrams 25 (2a') 
are multiplied by a factor v?. 


The denominators of 2a (2a') and those of 2b (2b') are all positive and 
differ by a quantity 27,. 


to 


Apart from these differences one can reduce the expressions which give 
the contributions of the diagrams 2a (2a’) to that of 2b (2b') merely with the 
exchange of one creation and one destruction operator: therefore 2a (2a') 
and 2b (2b') have opposite sign. 


If we put k=k, (uî= v?) the sum of 2a (2a') and 2b (2b') is at least of 
the first order in A. 
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As an example consider the contribution to 7, of the diagram of Fig. la 
and of the other one of Fig. 3. 
The contribution of la is 


(22) di <ks, ky 151 DA | Ko 282, lt353) la UR VE, Ur, Ur, 
ne 2 mtsk, Ex, er Cri =a, i 


915283 


and the contribution of 2 Fig. 3 
(23) il <ks, Ay sy | Al diet es 353) il dela Us Uk, 
È 2 miksts K me er E, ut E, 


S15283 


If k~k, the importance of the two diagrams is comparable; putting k= k, 
the sum of (22) and (23) gives: 


(24) Ly = | <ks, ki81|V |ks8s; Is 5) 2 Mt hy | 
4 kikgks (Ly, + Ey, + E a — A? 


Let us consider the particular case of an interaction: 


(25) Cky81, Hess | V | ESSE ka) = — V2 Ok ka — kg — ki) , 
if k,, Ka, ks, k, are in the rangek,—k<k<k,+ ko, with k<k,, S4=— 83; 
8S$= — $1; and zero otherwise. 


In this case (24) becomes: 


(26) A Vioz uzuz, Ò(k1tk,— ks Ka) A x Vior uz,4i, O(ktko—k,—k)_ 
; dykes (Ex, lr Ex, =e Ex, pe na 2 KE E, — ER Ts 


From (8) one obtains: 


1 T9 
(27) III 


therefore the expression (24) is < 4/2. (All the sums are inside the range 
k,— ko > k,+ Ko). 

This result (2) is independent of the strength of the interaction; it seems 
also to be quite independent of the particular form of the interaction, in the 
sense that it depends essentially on the definition of E, given by (8). 


ral 
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So we expect that in general the corrections to A from the considered dia- 
grams depend quite slowly on the strength of the interaction. 

Let us now consider the contributions to E, of the two diagrams with one 
A-line shown in Fig. 4: 

The contribution of 4a is: 


LS, ky8x)Kk819 Kata] V| esp 


) / Io a P, È | if 
(28). Mrs D Casa, — hn — 821 
Kykoks 
818283 2 2 
Uk, Vig Wie U-x,-s, 


and the contribution of 4b: 


(29) und D Casa, — ho — 8,|V |—k — 8, his), kosa | V | hess, ks, 
ky keks 
818283 


Do A 
Ur Ve, Ur, Vtkess 


| Ex,4 Et Er 


3 


NE 


As was already pointed out, we see that each term is of the order of 


A due to the factor w,v,. Since 


Or =— U;,,, We see that the sum 
5) of (28) and (29) gives a term of the 

Cd) A 
order of À for kK=k,. Therefore 


in this problem one cannot neglect 
Fig. 4. the contributions of the diagrams 
with one A-line. 

Also for these diagrams the definition (8) makes the contributions to £, 
slowly dependent on the strength of the interaction. 

The compensations described above occur only for |£,| A. If |&,| is of 
the order of A the corrections to £, become much larger than H, itself, since 
ui is very different from vi. 

However this is not a trouble: a state with one quasi-particle is not an 
excited state of the ground state ® (vacuum of quasi-particles), since it has 
a number of particles different from ®,. We are interested in the possible 
existence of a gap in the excitation spectrum; therefore we must consider 
states with a number of particles equal to that of ®,. 

In order to construct such states one needs (at least) two quasi-particles 
with momenta % and k’ such that: 


(30) U,= Vp (Up = V2). 

Now we will see that the corrections to the umperturbed energy H,,+ EH, 
of such states are of the order of E,+ 7, if |&k&—k,|, |b'—Kk,|&ko, where 
ky is the range of the forces in momentum space. 
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The contributions of the diagrams with one A-line are of the order of 
Et+ÉEy for k=k=k,, and go to zero just as k and k’ become different 
from k,. 

Let us now consider the diagrams without 4-lines of Fig. la and of Fig. 2, 
Since |k—k,|, |k’—k,|<k the matrix elements appearing in (22) and (23) 
are slowly varying, and we can put k, in place of k and k’ in the matrix 
elements. 

Moreover from (30) we have U0, = Up%y, de AxJEx= A, /EHy; since the 
Ain t-€. Hy= Ey. 


range of variation of k is essentially k, we can put A, = 4, = 
In this way we obtain for the excitation energy: 


ae (COR TANVEE ESTATI 

(31) E+Ew=2E-H > E a 
i È i Di 9 2 
Ieykeghs (Ex, | Ey, Ex)? E° 


One could extend these considerations to the diagrams of any order. 

Also in this case one can see that the corrections are not strongly dependent 
on the strength of the interaction, due to (8). 

From these considerations it appears that the existence of a not trivial. 
solution of (8) is not a sufficient condition for the superfluidity of the system. 
Also for a very weak interaction one should examine the corrections to the 
gap introduced by H,,;- 

We have completely neglected the possibility that the two quasi-particles 
bind each other giving rise to new excited states of lower energy which are 
generally called collective excitations. 

This problem will not be examined here. 


4. — Low density approximation. 
The energy of the ground state is given by: 
(32) E, = U + <@,|V(H,— U)1V+...|B»>, 


where ®, is the vacuum of quasi-particles. 

Let us now assume that the system has low density, 
i.e. that k, is smaller than the range of the forces in 
momentum space. 

Since v,~ 0 for k<k,, in this case the most impor- Fig. 5. 
tant diagrams are those with the minimum number of 
v, factors (14). In the evaluation of (32) these diagrams are of the type 
shown in Fig. 5. 


(14) N. M. HucENHOLTZ: Physica, 23, 533 (1957). 
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a 


Let us define 


(33) (ass Ha |T | Ras, Rata) = 2 li, Rose | V |ksga, Kass 
Il 81, ko S2 | V|k's, K's" k's TES US) 22 
o a ———— EEE =" si ——_—ree —‘’ Uy! k" = 
247 Bee Di E ay) sa Ka, 
HA 


All the diagrams of the type of Fig. 5 can be summed; the contribution 
of this sum to (32) is 


7 2 | AZIO A 
(34) il > Chy81, ka8,|V | k's’, k"s"><k"s", k's! | 0 {282 81> Up, Vicg Ua! Ue" 
2 Kkok'k" Ey + Eye + Hack Ex, 
81928'8" 


The t matrix here defined is the analogue of the { matrix of Brueckner. 
Clearly in such a way one cannot eliminate the difficulty introduced by an infi- 
nitely repulsive core. However the case of a really infinite core is not phy- 
sical and the expression (34) can be calculated for any large but finite potential. 

We investigate now the possibility that the 7 matrix previously defined 
shows a pole analogous to the pole of the Brueckner ¢ matrix. In the t matrix 
the pole can appear because of the vanishing denominators. 

It appears likely that in the 7 matrix these poles can disappear, since now 
the denominators do not vanish. 

We will examine here a case in which it has been demonstrated that the 
pole in the ¢ matrix exists. 

Let us consider pairs of particles of total momentum zero and opposite 
spin, and assume that the interaction is of the type 


(35) ks, — k—s|V]|— ks, k's") =—V(k)V(k') , 


with V(k)>0. 
In this case: 


(36) Di ks, k — 5) | T | = ji! cu IS a 


= — VV) — 2 VE Se IE — 
se k" 4%! 


the series (36) can be summed, giving: 


23 
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From the eq. (8) one obtains 


1 [VAN 
38 u= = 
2 > Ey i 
and since 
Wee 1 
(39) BRED bees 
Ey + Ex Un" i 
one has that 
ZIALE 
(40) ny 7 Wi. < 1 b) 
2 a SG et 


and for any k’ (37) does not show any pole. 
Let us now consider the case of a general interaction, but again of pairs 
of particles of zero total momentum and opposite spin. Now: 


(41) . ><ks, —kh—s|t|—k'—8', k's’) = Che’, —k—s'|V|—k'—s', k's — 


Ss 


1 > ks k s! | V | k" ci LI s"\<k's " SE = gil he |— (hke Sh is i 
2 k's” E = ee 


(41) has no solutions if the homogeneous eq. (42) has a solution 


(42) <ks, —k—s|t|—k'—s, B's) = 


1 à <ks, —k—s|V|—k’—s, k’s><k's, —k"— s|t|— k'— 8, k's 
==> Un" = . 
24 RER 


Let us assume that the eq. (28) has only solutions such that the maximum 
value of A; is much smaller than the Fermi energy e,,. In this case one can 
substitute in the denominators of (8) and (42). 


(43) RESI VIE 43 


where A= 4,,. In the definition of the 7 matrix let us use the largest of the 


solution 4, of (8). 
Then it follows that (42) can be written (with 0, we indicate an operator 
which is diagonal in % space with eigenvalues O,): 


TA 
(44) (= + E 


iL ae 
from (44) one derives: 


(45) EX |p> +4V |p =— oly, 


10 
re] 
a 
n 
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(46) 
such that: 


(47) 
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~ 


D) 


Di 


s of potentials from (4 


A A 


V|) = 0 


it follows that it exists a 


and since we have used the largest 4, solution of (8) we see that a A’ satisfying 


Fig. 6. 


(45) cannot be found and 
(44) has no solutions. 

In the same approxi- 
mation in which the ener- 
gy of the state 
has been written, one can 
evaluate the energy of 
a state with one quasi- 
particle. 


ground 


In this approximation 
one must take 
of the contribution to Z, 


n 


of the diagrams of Fig. 6 


account 


The diagrams obtained from 6e and 6d putting the A-line at the right in 
place of the left give a contribution equal to that of 6c and respectively 6d. 


In this approximation the energy 


2 


E, is given by: 


PE ee Un, GES, RS) V\k5,, ESS) < Besa. key TGS, SE 
Re Ta els ee E Le ee ve ud ue, + 
À kykoks Ur, sn Hi, == Ex, = jae 
$1888 
7 2 6 Oe fe + > . > \ n N 
a pe 5 CS, Rues Vel base Res CUS elie Ss T | kys,, k Sine 
i a Oy Un Un, — 
Zi pt Ey, + Ex, + Ey, + a PALAU 
S18283 i 
— 24,0 = y ‘ Kig83,— (85 Si V | —k—s sk 5 S12< ‘kys tg lie 290 | T Si Sg i> ui *. RI 
kykokg Ey, + F4 aie Ex, n E, a si 
$1828 
y 
Ti y ee ud IE is, keys SÒ [tT |Ks83, ks) 
== — UO Ur dx 
kbs rt Ex, se Ei, JE Hee ki i tens ko-Sa| ? 
818253 
where: 
a 8 n @ Te n ni re A 7 È 
(49) kiss, Rasa | T k,8,> = 5 (Has, |ks, = 
Cigs, k $,|V i Il all att 
ee 2599 NgS3 yo k's RES \t'|ks, k 081) O 
9 £ = — Uy Uy" 
NICE ai an i ‘ 
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So far in the denominators we have used the unperturbed energy. However 
it is possible to define the 7 and 7’ matrices self-consistently, developing a 
method which is very similar to the Brueckner one. 

In this approximation the single quasi-particle energy is given by an ex- 
pression similar to (48), where in the denominators there is the perturbed 
energy £, in place of the unperturbed one, and the 7, t’ matrices are defined 
by expressions similar to (49) where again the perturbed energy Æ, is used. 
Therefore in this case (48) and (49) must be solved self-consistently by iter- 
ation. 

The ground state energy, neglecting terms of the order of A, is given by 
the expression: 


a EU 1 ks, ky81 | V | ko, kg83> Chass, kaso|T|K181, KS) 3 9 0 0 
(50) Lo = 5 ne = DI, Why Whey > 
2 kkykeks Ex iin Ex, T Ur, == Ei, i 
SS18283 


5. — Conclusions. 


In Section 4 we have defined the 7 matrix which is the analogue of the 
usual Brueckner ¢ matrix. In general the 7 matrix has no poles if all the 
solutions 4, of the eq. (8) are much smaller than the Fermi energy e,,. At 
present this condition does not seem to be very strong in the case of physical 
systems (15). 

If there are several solutions of (8) (<eé,,) one should choose the lar- 
gest one. 

The corrections introduced by H,,, on the excitation energy in the region 
of minimum (k~k,) are of the order of magnitude of the excitation energy 
itself. 

The contributions to the excitation energy of the diagrams containing one 
A-line are very important. 

In fact let us consider the case of the approximation outlined in Section 4, 
in which self-consistency is used, and neglect the last two terms of (48) which 
are the contribution of the diagrams with one A-line. Let us consider one 
state with two quasi-particles satisfying the condition (30), 2.e. of an excited 
state corresponding to the ground state ®,. In this case the excitation 
energy is given by: 


(51) E,+ #, = 2, + BE, —(E, + £y)9, 


(15) See, f.i., for He and nuclear matter: V. J. EmEeRY and A. M. SEssLER: Phys. 
Rev., 119, 43, 248 (1966); G. Fano and A. Tomasini: Nuovo Cimento, 18, 1247 (1960). 
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where g is a positive constant. In (51) it has been assumed k, k ~k,: terms 
of higher order in #, and E, are neglected, and we have put k, in place of k 
and k’ in the matrix elements. Then 

E, + Ey 


(52) Ey, + By = ere 


and the excitation energy is merely reduced by a factor (149). 

The contribution of the two last terms is proportional to the umperturbed 
gap A and not to the excited energy; therefore it is determining to find whether 
the energy gap exists in the excitation spectrum of the interacting quasi- 
particles. 


The author is greatly indebted to Prof. B. FERRETTI and Dr. G. FANO 
for discussions on the argument of this paper. 


RIASSUNTO 


Si esamina il metodo perturbativo, per la valutazione degli stati di un largo sistema 
di fermioni, che si ottiene facendo preventivamente la trasformazione canonica di 
Bogoljubov-Valatin. Si mostra che la difficoltà dei normali sviluppi perturbativi, dovuta 
al polo nella matrice di Brueckner, è in generale eliminata da questo procedimento. 
Si mostra che le correzioni introdotte dall’interazione tra le quasi particelle nell’energia 
di eccitazione sono dell’ordine di grandezza dell’energia di eccitazione stessa, nella 
regione in cui questa è minima. Queste correzioni appaiono dipendere poco dall’inten- 
sità dell’interazione. Siintroduce una approssimazione, estensione di quella di Brueckner. 
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Production of 2-Electrons in Distant Collisions 
by Charged Ulirarelativistic Particles. 


V. BORTOLANI 


Istituto di Fisica dell’ Universita - Bologna 
Istituto Nazionale di Fisica Nucleare - Sezione di Bologna 


(ricevuto il 14 Marzo 1961) 


Summary. — In this paper a method is discussed to determine the con- 
nection between the number of 3-electrons, extracted by distant collision 
of an ultrarelativistic particle with the electrons of a medium, and the 
y= 1/V1— (o/e)? of the particle. The Weizsäcker-Williams method is 
used to reduce the problem to a photoelectric effect. Hydrogen atom 
type eigenfunctions are used to describe the metallic electrons. Errors 
due to this approximation are estimated. 


1. — Introduction. 


It is well known that with the present experimental techniques it is very 
difficult to distinguish between the masses, or the velocities, of the ultrarela- 
tivistic particles. In this note, we discuss a method, based upon the relati- 
vistic increase of the number of $-electrons produced by distant collision of 
a particle with the electrons of a medium, to determine the ratio y=1 IV 1 — f? 
between the energy and the rest energy of the particle. We consider only the 
effect of distant collisions because they are more sensitive to the increase of 
velocity than near collisions. In order to select this kind of collisions one 
considers the particle travelling near a metallic surface at a distance of the 
order of a few pra. 

The larger the velocity of the particle, the more intense is the particle’s 
electro-magnetic field inside the metal and the bigger is the number of 6-elec- 
trons that are able to escape from the metallic surface. Our main aim will 
be to determine the connection between the number of 3-electrons which leave 
the metallic surface (in the following it will be indicated by .Y) and the y of 
the incident particle: 
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2. — Relation between.” and y. 


The problem may be divided in two steps: 


i) determine the probability of a given excitation of an electron in the 
metal by the electro-magnetic field; 


ii) calculate the probability that such an excited electron escapes from 
the metal. 


The incident particle being ultrarelativistic we can apply the Weizsacker- 
Williams’ method (1) and decompose the particle’s field in a continuous spec- 
trum of virtual photons with energy w. In this manner we are led to a study 
of the photoelectric effect. 

The photoeffect in metals consists (?) of a surface effect and a volume effect 
The first being important near the threshold and the second at higher energy. 
Studying the first effect we may consider the electrons as free and inside a 
potential well (of depth W). 

We obtain then 


A= [ace J(0, bo, y) A(w) Blo), 
where 
ri lie ee ne i cb 
JD, by) 5 ape (filo) _ y-3K(a)} with æ = ud : 


is the Weizsacker-Williams spectrum (*); the A are the Hankel functions; 
Ze is the charge of the moving particle; @, is the ionization energy; 


Se? (@ — (Wo) WWW — 0) 


JA (ep) = a, for m@< 9.5 eV 
he 3 W + Vi — ©) È. i 
4e? 7? b 17 

A (©) = j o pra Se = ee , for (42) = 9.5 eV 
we DT DE Nr 20 TW) 


is the number of electrons leaving the surface per incident quantum (4), with 
t=W—,; B(u) ~10- em, is the mean free path of a photon in the metal 


e 


(1) E. J. WILLIAMS: Proc. Roy. Soc., A 139, 163 (1935); Kgl. Dan. Vid. Selsk., 


13, no. 4 (1935); C. F. von WEIZSACKER: Zeits. Phys., 88, 612 (1934) 
(2) IG. Tamm and §. ScHuBIN: Zeits. Phys., 68, 97 (1931) 
(3) P. BupINI: Nuovo Cimento, 7, 835 (1950). 
(4) A. SOMMERFELD and H. BerHE: Handb. d. Phys., 24, 471 (1933). 
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Performing the calculation for Cu we obtain for y=100 that the result 
is not much greater than 5. 

This number as we shall see is of a smaller order of magnitude than the 
number of electrons escaping due to the volume effect and will therefore be 
neglected. 

In order to estimate the volume effect we should consider the Bloch’s eigen- 
functions for the electrons, 2e. y,(r) = u,(r) exp |ikr], where u,(r) can be ob- 
tained within the Wigner-Seitz approximation (5) (r is the electron’s distance 
from the cell center). 

As a first approximation, however we shall use hydrogen atom type eigen- 
functions to describe the electron inside the metal. 

Thys hypothesis is not as bad as it may seem. In fact the w,(r) obtained 
with the W-S approximation are very similar to hydrogen atom type eigen- 
functions over almost all of the cell’s volume. For r< 1 Bohr radius, the eigen- 
functions in the two cases are very different, but the probability that the 
electron is in this region, is very small and therefore the contribution coming 
from this region should not change the order of magnitude of the effect. With 
this assumption the photoelectric cross-section, for an electron with the orbital 
quantum number n becomes (°) 


QoumeZ* hs 
4,/37°h? wn? 


po) = 


where: © = Thompson cross-section, 


e? 
oi 
he 


The spectrum of virtual photons has a cylindrical symmetry. Therefore 
it is convenient to study the case in which the particle goes along the axis of 
a cylindrical hole made in the solid. Then by means of a graphic integration 
we shall obtain the result for the case in which the particle travels near a plane 
surface. 

In the case of a cylindrical hole of radius 6) we obtain 


D (co) 


N=N. da | doT(o, 3; bo, &) exp 
0 a 


x | 2Qa0b : (Do 
i 


A cos 6} © von 


In the case of Cu only the electrons of the most external orbit may be 
ionized because the mean energy of the photoelectrons is ~10 eV. 


(5) E. WiGNER and F. Sxirz: Phys. Rev., 45, 794 (1933); 46, 509 (1934). 
(6) H. A. Berne and E. E. SALPETER: Handb. d. Phys., 35, 394 (1957). 
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The number of photons at a distance x from the surface, may be expressed as 


© 
J(0, y; bo, ©) = J(0, Ys bo) EXP |— ru i 


where À is the mean free path of a photon in the medium, and A the mean 
free path of the photoelectrons produced in the solid. 


Noticing that A> A we may pur exp[— @/Z]=1. 
In order to determine A we shall follow Van der Ziel’s procedure (’). 


10 20 30 40 50 60 V6 


Fig. 1. — The variation of WM as a function of y in the case of a cylindrical hole. 


In his work the final eigenfunctions are not antisymmetrized because the 
energy of the incident electron is large (— 150 eV) compared to that of the 
lattice electrons. As one can easily verify the error made by neglecting the | 
antisymmetrization is in this case very small (0.01%). | 

Our case is not so favorable because the energy of the photoelectrons is 
not much greater than the energy of the electrons in the lattice. On the 


A | 
N 
30} 
20+ 
107 
il L 1 iù = 
10 20 30 40 50 60 Y 


Fig. 2. The function .Ÿ(y) for the case in which the particle travels near a plane surface. 


(7) A. VAN DER ZIEL: Phys. Rev., 92, 35 (1953). 
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other hand neglecting the collisions in which the two energies are just about 
the same, one sees that A increases roughly as the fiirst power of the photo- 
electrons (~ E/20 10-7 em). 

Since the energy of these electrons is about 10 eV and varies in a range 
of few eV, we shall take as mean value A — 107 em. 

The weaker part of this calculation is due, as already mentioned, to the 
fact that in our case the energy of the photoelectrons is not much greater 
than the energy of the lattice electrons. 

In order to check the errors, which are due to the asymptotic eigenfunction 
we have used (i.e. plane waves), we will use the Kronig’s one-dimensional 
model, supposing the lattice potential separable in the three co-ordinates. The 
results of this model may easily be extended to our potential. 

In the one-dimensional model (8) one finds 


+ © 


nr 
ux(r) = Yn Cn(K) exp i È 


— co 


60.8, 0 — 0.07, ci 0.000. 


In this way we can see that the use of plane waves (which amounts to put 
€ — 1), does not modify more than by a factor two the term introduced by 
the antisymmetrization. 

We wish to add that for high values of y, /(y) is roughly constant due to 
the effect of the polarization of the medium. This effect has been neglected 
in our calculation. This is not a serious drawback because for large y we can 
increase do(4 = f(y/b))). We can make use of the last consideration by sending 
the particle at a given angle to a thin metal foil. Then the larger is y the larger 
is the distance b, at which the electrons begin 
to escape from the metal and consequently 
the larger the useful particle’s path. It is 


N \ 
30. 
20 
10 

Le 1 1 o 

10 20 30 TRA E CE RE RE EE ee 
Fig. 3. - The function /(y) in the case in Fig. 4. — The connection between 
which the particle travels toward the plane y and the lenght of the useful path 

surface at a given angle ((1/100)°). travelled by the particle. 


(8) A. SommeRFELD and H. BerHE: Handb. d. Phys., 24, 383 (1933). 
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therefore possible to establish a connection between y and the length of the 


useful path travelled by the particle (see Fig. 4). | 

Summarizing we can say that the number of 3-electrons escaping from the 
metal is enough sensitive to y the ratio E/me®. Therefore it will be possible 
to measure the y of the heavy particles of energies of about 10 GeV and of 
electrons of energy of about 50 MeV. 


I wish to thank Prof. B. FERRETTI, who has suggested this problem, and 
for his constant and useful advice throughout this work, and also Prof. A. 
Tomasini and Drs. L. BERTOCCHI and J. CHAHOUD for many discussions. 


RIASSUNTO 


In questo lavoro si discute un metodo per determinare la connessione fra il numero 
di elettroni 3 estratti da una particella ultrarelativistica per collisione cogli elettroni 


di un mezzo materiale e il y = ia (v/c)? della particella stessa. Si usa il metodo 
di Weizsäcker-Williams per ridurre il problema allo studio di un effetto fotoelettrico. 
Per descrivere gli elettroni metallici si usano autofunzioni tipo atomo di idrogeno e 
si valutano anche gli errori dovuti a questa approssimazione. 
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Summary. — In the present work an attempt to find consistent relations 
between the three K*-.\N° cross sections assuming the validity of charge 
independence is made. It is seen that, in this spirit, the K+-n elastic 
cross section should be much greater than previously deduced from counter 
and emulsion experiments. These experiments are then analysed and 
the possibility of increasing the value deduced from them for this cross 
section, bringing it in the limits required by charge independence, is 
shown to be consistent with reasonable changes of the parameters of 
the nuclear model used in the analysis of this interaction. Finally, a 
Tamm-Dancoff calculation in terms of pseudoscalar K.VY coupling, 
taking into account the recoils, is made; a somewhat good fit with the 
experimental data is found, with values of the two coupling constants 
gs and gn of the same order of magnitude as the z-JV one. 


Introduction. 


In these last years a considerable amount of work has been done concerning 
both the phenomenological analysis of the low energy K-nucleon scattering 
data (14) and their theoretical interpretation through the lowest order approx- 


(1) D. KEEFE, A. Kernan, A. MontwILL, M. GrILLI, L. GUERRIERO and G. A. Sa- 
LANDIN: Nuovo Cimento, 12, 241 (1959) and further references quoted in this paper, 

(2) J. E. LANNUTTI, S. GOLDHABER, G. GOLDHABER, W. W. CHupp, S. GIAMBUZZI. 
C. MarcHI, G. QUARENI and A. WATAGHIN: Phys. Rev., 109, 2121 (1958). 

(3) B. SecHi-Zorx and G. T. Zorn: to be published. 

(4) L. T. Kerry, T. F. Kycia and R. G. BAENDER: Phys. Rev., 118, 553 (1960). 
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imation diagrams (5°). However, up to now no clear understanding of this 
process may be said to have been reached. The reasons for this situation are 


twofold: 


a) most of the data so far analysed, come from platework which has 
allowed to give directly only the K*-p and less directly, the K+-n charge 
exchange cross-sections, both with still large statistical errors, while rather 
elaborate and delicate manipulation of the rough experimental data is neces- 
sary to obtain the elastic K*-n cross-section; and in fact, the results obtained 
for it by different authors are extremely variable in shape and magnitude. 
Quite recently bubble chamber work (1°) has yielded both the total and an- 
gular K+-p and charge exchange cross-sections with much greater accuracy; 
however no information on K+-n scattering from this experiment has yet been 
published. 


b) From the theoretical point of view, dispersion relation approaches (8) 
have been so far mostly used, only to try to determine the relative parity of 
the KY pairs, as no sufficient information on high energy data and on K™ 
nucleon scattering are yet available for more detailed predictions. Quanti- 
tative calculations have generally been made only according to the Tamm- 
Dancoff approximation for lower order diagrams based on the direct K.VY 
interactions (5). However, the results obtained in this way, did non appear 
suitable to fit the most accepted interpretation of the data. And this fact has 
recently induced some authors to focus their attention on a quite different pos- 
sible explanation of the process, mainly through a strong KKrr inter- 
action (°). 


Nevertheless, before giving definitely up the conventional interpretation, 
we think that some points should be reconsidered more carefully. In fact, 
two main reasons may be responsible for the failure of finding an agreement 
between the data and their interpretation. 


è (5) C. CroLIN and L. TAFFARA: Nuovo Cimento, 5, 435 (1957); 6, 425 (1957); 
. P. Stapp: Phys. Rev., 106, 134 (1957); D. AMATI 7 ax } I 
: 51 957); D. Amz and B. Vi : Nu Jimen: 
ne € TALE uovo Cimento, 
0) C. CEOLIN, V. DE SANTIS and L. TAFFARA: Nuovo Cimento, 12, 502 (1959). 
") D ii and B. ViraLE: Nuovo Cimento, 6, 1273. 1013 (1957); 7, 190 (1958). 
ae ( a pare Phys. Rev., 110, 572 (1958); P. T. Marramws and A. SALAM: 
ys. Rev., 110, 565, 569 (1958); K. Iar: Progr 1 3; n i 
ee e gr. Theor. Phys., 19, 238 (1958); S. = 
SHAY: Phys. Rev. Lett., 1, 97, 177 (1958). ; ve Sa 
9 Q =| A 3 me 
da ) = Vi Ria Rev., 110, 743 (1958); Y. YAMAGOUCHI: Report Padua-Venice 
Lo A i A Dia (Ch CEOLIN, N. DaLLAPORTA and L. TAFFARA: Nuovo Cimento, 9 
a LE . FERRARI, G. FRY and M. PUSTERLA: Phys. Rev. Lett., 12, 526 (1960) 
C D (1960) to be published on Phys. Rev.; UCRL-9434 (1960) 
à à DAVE ORE G. GOLDHABER, S. GOLDHABER W. Ler E° CHAELORAN 
. STUBBS, W. E. SLATER, D. S J 7. 30). 
TER, D. H. StoRK and H. K. Trcxo: Rochester Conference (1960) 


> 
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1) As already stressed, the only reliable data being the K+-proton and 
the charge exchange cross-sections, the theoretical prediction must mainly be 
adapted to fit them. Disagreement concerning the K*-neutron scattering cross 
section, could mostly be due to errors introduced by the indirect procedure of 
obtaining it from the data; an useful step in understanding the whole exper- 
imental picture might therefore be achieved by critically reconsidering the 
different steps and assumptions used to deduce this cross-section. 


2) The lack of agreement between calculations and data may, of course, 
be attributed to the unreliability of the Tamm-Dancoff approximation which 
has been mostly used throughout. An attempt to improve the situation could 
then be: a) to clearly separate the results implied by general properties or 
symmetries of the system from those depending on the method of calculation; 
confusion on this point might in fact confer undue credit to uncertain results 
or, conversely, undervalue conclusions which could be true under wider as- 
sumptions, than those explicitly implied in the particular case considered; 
b) to modify some of the assumptions of the Tamm-Dancoff calculation in order 
to test the dependence from them of the results deduced. 


The present work tries to reconsider the whole question in the spirit of these 
previous remarks. It divides, therefore, into the three following main parts: 


A) By assuming only: 
1) the full validity of charge independence for K-nucleon interactions; 
2) the presence of only S and P waves at low energies; 


3) the correctness within the errors of the experimental behaviour 
of the total K proton and charge exchange cross-sections: 


the possible limits of the values for the K*-neutron cross-section compatible 
with these assumptions, are deduced. 


B) The experimental procedures for obtaining the K*-neutron cross- 
section used by the different authors and the reasons for the large discre- 
pancies in their results are discussed. The results of this discussion are then 
compared with the deductions obtained in part <A). 


C) Finally, as a quantitative test for the sensitivity of the Tamm-Dancoff 
results on the approximations used in the procedure, a new calculation taking 
into account the recoil, is presented and compared with the previous one in 
which the effect of recoils was not considered. 


The whole discussion on these three points will be mainly based on the 
total cross-sections only. This is because, up to now, sufficiently reliable data 
were not available for the angular distribution. The comparison of the exper- 
imental angular distributions as soon as they will be completely available, 
with the results obtained from the present discussion will act as a test for them. 
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A) Phenomenological Analysis. 


1. — Experimental data and charge independence. 


Let us define: 
o, = o(Ktp — K*p) 


(1) 0, = 0(K*n > K°p) 


o, = c(Ktn+> Kn). 


The experimental information concerning o, and o,, can be summarized as 


follows: 


a) Up to 300 MeV, o, (Fig. 1) is substantially flat around 16 mb; this 


mb 
30 


ali L 
0 100 200 300 


already known fact, is underlined 
by the more recent data; in par- 
ticular the angular distribution (1) 
is strictly consistent with S wave 
only, and zero or very little con- 
tribution of P wave scattering; 

b) Oca 
monotonically 


instead (Fig. 2) is 
increasing from 


Fig. 1. — K*p experimental cross- 
section. The recent plate compilation 
of STORK and PROWSE reported by 
Kycra et al. (*) together with their 
counter data, is compared with the 


compilation of KekFE et al. (1) (their own, plus the data reported at the Geneva 


Conference) showing the flattening of o,. 


compilation ; 


Fig. 2. — Ktn-K°p experimental 
cross-section. The curve calculated 
by KEEFE ef al. (‘) from plate data 
(continuous line) compared with 
the points obtained in deuterium 
bubble chamber (Rochester Con- 
ference). 5, appears to be some- 
thing lowered by these last data, 
but the behavior remains funda- 
mentally the same. 


6 Keefe et al. compilation; © Stork-Prowse 


O Kycia et al. counter. 


20; 
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about zero at threshold, to a value oscillating in the neighborhood of 300 MeV 
around 10 mb, (plate-work) or 7 mb (K*-D bubble chamber data.) These data, 
in agreement with the assumptions generally made up to now, are consistent 
with a substantial P wave charge exchange. 

The information on the K*-n elastic cross-section as deduced by the diffe- 
rent authors from both counter and plate-work, has the following general com- 
mon feature: 


€) 0,<0,; its behaviour, at least for energy larger than about 100 MeV, 
has generally been found as decreasing with the energy. 


Our program now, is to examine the consistency of the point c) with the 
data a) and b), according to the assumptions already stated, that charge inde- 
pendence holds and that S and P waves only are present up to about 300 MeV. 
In these hypothesis the cross-sections (1) can be expressed as follows: 


Op = O1»; 


9 


3 ge fal N° x i ee lee 
(2) Oc = alzi Sin? (010 — Ooo) + qe (45 — do) + Di Sin? (013 — 0o3) 1 


1 
On = 5 (01 + Oo) — 0%) 


in which 
‘eda (sin? 6,)-+ Sin? 011 + 2 sin? 0,5) , (LR 
2) 4a 
i cla (sin? doo + sin? dor: 2 Fin? dog) - (T=0). 


(The first index of the phases refers to isotopic spin, the second to angular 
momentum.) 

We can introduce the results of the points a) and b) into (2) and (3) in 
the form 


On = tig = 0 
(4) RENTE 
then it is easily seen that 
(5) 0) = O1 + 40% 
and 
(6) CIO OE 


In (5) and (6) the first term is evidently the S wave contribution, while the 
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2. — Modified hypothesis. 


SANTIS 


second one is the P wave contri- 
bution. 

If we represent in a rough ap- 
proximation o, and o,, as straight 
lines, we have clearly the situation 
of Fig. 3 in which o, appears to be 
substantially higher then o, and in- 
creasing with energy: it is impossible 
for o, to have the behavior summa- 
rized in c) if (4) strictly holds. 


Fig. 3. - Behaviour of the cross sections 
in the hypothesis d,,=0d,3=0; Ô19—000- 


We may now modify, as far as possible, consistently with o, and o,, data, 
the conditions (4) trying to see how much o, can be decreased. As a first pos- 
sibility, we consider what may happen if we suppose do # 053; obviously, the 
two phases cannot be of opposite sign, because if so, o,, should start higher 
than o, 24 mb, which is already too high; we must also eliminate values of 


Ooo > Oy, because this would still increase oy. 


possibility do of the same sign and 
smaller than d,. In this case, for 
what refers only to the S wave con- 
tribution, o, would be smaller than 
o,, and therefore, also o, could be 
smaller. For the P wave contri- 
bution the situation 
changed. 


remains un- 
Then, (5) and (6) becomes 


2 — (Oce)s +(Gce)p è 


where the S and P contributions are 
clearly separated. In Fig. 4 the 
dotted lines indicate the S wave con- 
tributions and the full lines the total 


We remain merely with the 


mb 


0 100 200 300 400 


Fig. 4. — First modification: 6,) 459): I case: 
Soo > 0105 IL case: dio < din. —--— 8 contri- 


bution; ——— total cross-section. 
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cross-sections. We may see that the S term of o, can be somewhat reduced, but 
the behaviour remains strongly increasing with energy. Anyway, although 


experimental discrimination for the 
threshold behaviour of o,, is diffi- 
cult, the most recent data for it 
agree better with the previous (only 
P wave) than with the present case 
{appreciable S wave). 

We have now to investigate if 
the situation may change by modi- 
fying the first of the conditions (4). 
For instance, we put 6,40, 6;,=0 
(a similar discussion would follow if 
we had 6,=0, 05370). Nothing 
changes for S and P, terms and 
particularly the P; contribution is 
equal for o,, and for o,. The dotted 
lines of Fig. 5 show a possible beha- 
viour of the sum of S and P, contri- 
butions for the three cross-sections. 

Analysing the P, contribution, 
we have from (2) and (3) 


200 300 400 


0 100 


Fig. 5. — Second modification: d99<0,) and 
64,0. I case: 6,, and 6), of the same sign: 
o, is flat but o, increases strongly; II case: 
64, = — dn: maximum lowering for o,, but 
o, increases unacceptably. — — —f S-+ P; con- 
tribution; —— total cross-section. 


| CAS = SIDA O19 5 
ee | (00), = = sin? dor » 
and 

(r)p, = (C1) » 
4 3 
(2) (Gee) py svn Sin? (011 — doi), 


(On), = 9 


from which we get 


Ao 
(9) (On) r4 = Lr 


Le tae se 
a Sin? 6,, + à Sin? doi — n sin? (0,1 — 001) 


= Loi)», + (00)4] — (Gode 


47 


a Ke f(d11» Òo1) . 


This contribution could remarkably increase o,; we limit ourselves to show 


that it cannot be but positive. 
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sign, because in any case 


sin? (011 — da) € sin? On + sin? da 
that is 


(10) Hd, don) > + sin? by + + sin? da > 0 - 
If now 6,, and 6), are of opposite sign, we have 


sin? (6,1 — do) < sin? On + sin? do, + 2 Sin | On [sin | box | 
and 


ar 5 ate a = \ 
f(Ou, da) = + sin? dy + + sin? do + i {sin? Ou + Sin? do, — sin? (Ou — do1)} ; 
1.6. 


(11) (dus do) > (& Sin | Ou |— 3 Sin | dor |)? SO . 


From (11) we see that the considered contribution is always positive. When 
dia —— du we obtain the lowest contribution, but in this case o, increases up 
to values unacceptably higher than the experimental ones (if for instance, 
the P, wave predominates on P,, some rough calculations show that at about 
300 MeV we have approximately 0.35<|dn]|]=|da|<0.60). 

Summarizing, we can say for the P, wave that if ò,,= 0 the contribution 
to o, and to o,, is the same; if instead, d,, 0, the contribution to o, could 
be smaller that the contribution to o,,; but in this case, the contribution to o, 
would unacceptably increase. It then appears that, according to the assump- 
tions we have made, o, is in any case increasing with energy up to 300 MeV 
and that, at least from 200 to 300 MeV it must be greater and perhaps appre- 
ciably greater than o,. 

This conclusion, although roughly qualitative, is in contrast with those 
reached according to the analysis of the counter and plate-work data (point c)). 
Thus, if we insist on the reliability of charge independence, it is necessary to 
re-examine critically the analysis of the data, to see whether errors in the 
deduction of the K*-n elastic cross-section may have creeped in it. 


B) Scattering K*n-K*n. 
3. — The medium cross-section per nucleon. 


The elementary cross-section is generally obtained from the formula 


Le del) 
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where o is the medium cross-section of K* on a free nucleon of the emulsion, 
a and f being the average percentage of protons and respectively neutrons 
in the emulsion nuclei. If o, and o,, are known, o, can then be obtained di- 
rectly from ©. The methods used to determine experimentally & in previous 
works, may be divided in two main types. For brevity we shall not discuss 
here the detailed corrections common to the two methods, namely those due 
to the Coulomb and nuclear potential effects and to the cut-off due to the 
Pauli principle on small transfer interactions. 

In the first method, mostly used in the old works, the medium cross- 
section per nucleon is deduced (11) from the measured mean free path in emul- 
sion and from the nuclear radii generally defined as R;= 7,4}. 

The value obtained for it is strongly dependent on r,, as has already been 
emphasized by different authors who have used this method. (See especially 
KEEFE et al. (1)). 


n 


mb mb 
30; 30; 
ee r= 1.12 
24 | 
20F x 20} : 
Pe GARE aa r = 1.25 
/ Sc ee | 
di - 
ia | | 
VM — SS r,= 137 | | 
100 ae 101, a 
RI, 
ul 
u o]o 
Sie 
| : MeV | | | fo eee 
%o 100 200 300 0 1 2 
Fig. 6. — Medium cross section Kt-N for Fig. 7. - Medium cross section K+-N° 
different values of 7. at 300 MeV as a function of 71. 


In Fig. 6, we report from this work, the o as calculated by these authors 
according to a world summary of the experimental data available, for dif- 
ferent values of n. The value of o at 300 MeV as a function of » has been 
plotted in Fig. 7 and clearly indicates the strong dependence of it on 7; it 
is seen that @ may conspicuously increase by diminishing this parameter even 
by a very little amount. Therefore, one of the main points to be revised for 
our problem is the direct experimental evidence that we have now on the 
fo value. 


(11) K. Brickner, R. SERBER and K. M. Warson: Phys. Rev., 84, 258 (1951). 


2303 


992 V. DE SANTIS 


Before 1953 experiments of different kinds for the determination of ry gave — 
a value ranging from (22.8) fermi (12) to 1.45 fermi (*). Much more reliable 
results, mainly based on the scattering of high energy electrons by nuclei 
have continuously reduced this quantity to smaller and smaller values down to 
1.07 fermi (14); in the last experiments of HOFSTADTER et al. (5) a value 
ro = 0.8 fermi has been deduced. 

This general trend of our information on 7, explains most of the apparently 
disagreeing results on the K+-n cross-section. In the oldest papers, rather 
high values (1.25--1.40)fermi of 7, are assumed: among these, e.g. KEEFE et al. (*) 
(to which we mainly refer for our comparison), have adopted 7,=1.25 fermi; 
but in the light of the more recents results we should consider that this value 
is not yet sufficiently small and that we should rather put r,— 1.12 or 1.07 fermi. 
For the first of these values we obtain the higher o in Fig. 6 (still lower values 
of r, would further increase 6); it is apparent that a decrease of 7 of some 
percent implies as a consequence a corresponding increase of o of the order 
of 100%. The same conclusions may be derived from the counter experiments 
of Kycta et al. (4). The small value of & they have obtained is in connection 
with their large value of r, (1.41 fermi). 

In more recent works, c has been calculated with a method in principle, 
somewhat more refined than the first one, according to the optical model of 
the nucleus. This model depends on four parameters: the real and the ima- 
ginary potential depth V and W, the nuclear radius R=r,A4*, and the surface 
thickness a; in general the imaginary potential depth W is chosen in order to 
fit the reaction cross-section K-nucleus for a set of values of V,7, and a. W being 
so obtained, & is given as a function of W. 

However, the choice of W in relation with the experimental data is actually 
performed for few values of the energy of the incident K and is not very pre- 
cisely defined, owing to the low statistics for each energy interval. Moreover 
the results of this analysis still leave a considerable amount of ambiguity be- 
cause a fairly wide range of the geometrical parameters 7, and a, gives accet- 
able fits to the experimental data and W results to be strongly dependent on 
little changes of 7); a decrease of some percent of » makes W increasing by 


(1°) M. E. Rose: Phys. Rev., 73, 279 (1948). 

(13) L. K. ACHESON: Phys. Rev., 82, 488 (1951); E. M. Lyman, A. 0. Hanson 
and M. B. Scott: Phys. Rev., 84, 627 (1951); R. HorstADTER, H. R. FECHTER and 
J. A. McINTIRE: Phys. Rev., 92, 979 (1953). 

(14) R. Horsraprer, B. Hann, A. W. KUNDSEN and J. A. McINTYRE: Phys. eax 
95, 512 (1954); V. L. FircH and I. Rainwater: Phys. Rev., 92, 789 (1953); R. W. Prop, 
C. L. HAMMER and E. C. Raka: Phys. Rev., 92, 436 (1953); B. HAHN, D. G. RAVEN- 
HALL and R. HOFSTADTER: Phys. Rev., 101, 1131 (1956). 

(7°) R. HoFstADTER, F. BUMILLER and M. R. YEARIAN: Rev. Mod. Phys., 30, 
482 (1958). 
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about 100% (e.g. ZORN (*) reports that calculations made by the UCLA group 
show that if r, changes from 1.20 to 1.07, the value of W goes from 11.7-+1.5 
to 19.3 +2). 

Obviously, this introduces a large error in the determination of 5. For 
instance LANNUTTI et al. (?) (by using r, —1.20 fermi) give in this way 
o=22* mb in the interval (180-220) MeV. 

Generally, the value obtained for @ oscillates around 20 mb with values 
of ro between (1.15--1.25) fermi. It is obvious therefore, that also in this case, 
by still decreasing the values of 7, according to the more recent data, and taking 
into account the large experimental uncertainity for the choice of W, it is 
not impossible to reach a value of & of about 25 mb or higher. 


4. — K*-n elastic cross-section. 


Having so indicated that o may be actually higher than so far found, we 
may now see the effect of the increase of it on the behaviour of o, with energy 
(Fig. 8). In plate-work, this point was somewhat difficult to determine, be- 
cause only o, was measured in- 
dependently from hydrogen mb 
events, while experimental data 30} 
on interactions with nuclei 
yielded only the ratio of the 
charge exchange events to all 
other ones. In the present 
work, however, now that the 
direct bubble chamber data 
on charge exchange are avail- 10} 
able, we can take both o, and 
o., as independently given, and 
thus deduce as only unknown ; 
o,. We report the o, calculated o 100 200 300 400 
from Fig. 6 using r,—1.12 fermi pig. 8. - K+n-K*n: Keefe’s curves (n=1.25) and 
together with those by KEEFE the same with 7,=1.12 (I) for constant and (II) 
et al. (1) (with «=0.46, B=0.54) slightly increasing o,. ——— Keefe et al. calcula- 
for constant and slightly increa- tion; —— present calculation. 
sing o,. It is immediately seen 
that o, is completely different not only in magnitude but also in shape. Low 
values of G give a o, decreasing with energy, at least for ranges higher than 
200 MeV and this, in fact, was found by different authors who took r,=1.25 fermi. 
If instead, we adopt the upper o of Fig. 6 we get a o, increasing with energy 
and reaching values of the order of 30 mb; we should assume an unacceptable 


20 


63 - Il Nuovo Cimento. 


2305 


994 V. DE SANTIS 


slope for o, with respect to the experimental one if we insisted on obtaining 
a 0, decreasing with energy. 

If one accepts the previous interpretation of the work done on o, we 
should conclude that the values firstly deduced from the experimental data 
(counter and plate-work) up to about 300 MeV can be modified and much 
increased. The effect of this increase will bring o, within the region required 
for charge independence to be valid, while the previous lower values of 6, 
could hardly be reconciled with it. Therefore, the increase of o, which we 
stress in this paper, could greatly simplify the interpretation of the whole 
K-nucleon scattering process. 

Such a possibility has already been outlined by the recent data (1°), on 
the bubble chamber K-D scattering, which indeed gives an indication that the 
elastic K+-n cross-section from a similar analysis as done here, increases up 
to about 25 mb. 


C) Tamm-Dancoff Calculation. 


5. — Integral equations. 


According to our program, we shall calculate now the three cross-sections 
in a Tamm-Dancoff approximation, taking into account the recoil and the 
2-A mass difference and compare them with the previous calculation (*) in- 
dicated as CDT in the following in which both these effects were neglected. 

We refer to similar formulae as in CDT. We have: 


HET INR) We NK. 
RNA = Solin: nip: oT, 


= L È 1 
DES gd Ea ape re E] + 


pa 2@( i=1 


+ Galpaysa*(k)yy + vvysalk)palt ; 


with some meaning for the used symbols as in CDT. 
To separate the total isotopic spin and the total angular momentum states, 
we adapt to the K-N scattering the method described for x-.N° scattering by 
16 
DYSON et al. (15) so obtaining the following set of integral equations: 


(16) (E — E, — w je bp) = fr, Ds ea) dq , 


(oo) He) Dyson, Mi Ross. RO hy SALPETER, S. S 
W. M. VisscHeR and H. A. Berne: Phys. Rev., 95, 1644 (1954). 
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in which 


ilo) E=Et%w, 
(18) TE dl 
27 Vo, D,D,(M y 5 E,) ie 
So 
19 Lesina 
( ) D Vai E, 


and Q°(X, p,q) are complicated kernels depending on the interaction con- 
stants, the expressions of which are not explicitly given here for brevity, which 
take into account the nucleon recoil, and the X-A mass difference. Solving 
(16) with the Fredholm method, we obtain the phase shifts 


Q™(k, k, k) 


20 e = A A EI 
(20) g a(k) f= TEE) 
with 

AC, ee 

4( Hi, + rx) 
Si 1 aid 
p 
I°"(k) RUE — QE, D; D): 


i 47 | Op Ey CEE dx he ,) 
Putting then 
S pa Is =F gi ’ 


R= 95/9; 

we have, for the two isospin states, T=1 and T=0 
[S/(R + 1)1(ROE + OA) 

TEN SS 


[S/(R + 1)] (BREE — 04) 
1— [S/(R+1)](8RIS— 14)’ 


| tg O4 = a(k) 
(23) 
| tg 6% = a(k) 


in which y is the angular momentum index, as in CDT, Q$ and Q are the X 
and A Kermels differing only for the X-A mass difference. 1% and ZA are the 
x and A integrals (form. (21)) with the same difference. 


6. — Numerical calculations. 


The numerical calculations have been performed with the IBM 650 computer 
of Bologna. Initially the integrals 7% and Z have been calculated for various 
values of the cut-off in order to test if the dependence of the integrals on the 
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cut-off is strong or not. It has been then found that over a certain value they 
become practically independent from it: changing the laboratory cut-off from 
8.4 GeV to about 33 GeV the variation in the integrals was about 20% and 
to obtain a further variation of the same order, it was necessary to increase 
the cut-off to ~1.3-10° GeV. 

The effect of such variations of the integral on the phase shifts may be 
compensated by a variation in the opposite sense of the parameters and mainly 
of S, of the order of some percent. For these reasons, the cut-off has been 
fixed to 17 mk. In a second time, the three cross-sections have been calculated 
for various values of S and R. For comparison with the corresponding data 
of CDT, they have been calculated also for a cut-off about 5.2 mk (corresponding 
to c.m. cut-off momentum of 2 mk). Other calculations, which we do not 
report, have been performed with higher cut-offs supporting that the varia- 
tion in the cross-sections become practically negligible when the cut-off in- 
creases over 17 mk. 


7. — Results. 


The K*-p cross-section is in a pure T=1 state, so that it depends mainly 
on S and little on È (putting m.—m, the dependence from R vanishes). 
In Fig. 9 we report the calculated cross-section for S=18 and R=2 with 
cur-off 17 mk and 5.2 mk together with the data in CDT with S=3.05. 


mb 
30 - 
20 5 
10 7 
0 1 Je 4 MeV 1 
100 200 300 400 
Fig. 9. — K+p cross-section. Comparison between present and CDT calculation shows 


that vati CHIEN values of S are necessary to obtain the same order of magnitude foro 
——.— 7.D.T. calculation: cut-oft nt e ; J = 3.0 sa 
‘ : cut-off momentum c.m. 2m,, S=3.05; ——-— present caleula- 


1 : Sd cut-off, S=18: "es i 
tion: same cut-off, S=18; ——- present calculation : actually chosen cut-off, S=18. 


J T1son. of th res y , 


that a much higher value of 8 is necessary in order to obtain a cross-section 


of the same order of magnitude; the main effect of the recoil is to lower and 
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to flatten strongly the cross-sections. In Fig. 10 the behaviour of the K*p 
scattering cross-section for R= 2 and various values of S, is plotted together 
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Fig. 10. — K*p cross-section calculated for different values of S; plate-work data 
(Stork-Prowse compilation) and counter data of Fig. 1 are plotted for comparison. 


with the experimental data and their errors. The best fit is then to be ob- 
tained with 


LIK <9. 


In Fig. 11 the behaviour of the three T—1 calculated phase shifts is reported. 


06 +2 
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Fig. 11. — Phase shifts for T=1 states. 


The charge exchange cross-section instead, for a fixed S depends strongly 
on the value of the ratio R as for the T—0 shifts. In a first approach, we 
have found that there are only two bands of variability of À by which the 
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calculated cross-section has almost the same behaviour than the experimental 
one. They are: 
R<0.05 and lesi. 
For the first band, a more detailed analysis shows that at least a qualitative 


fit of the experiments, requires R< 0.01. But for many reasons, it is highly 
improbable that R should assume such low values. We then remain only with 


400 
Fig. 12. - K*n charge exchange cross-section for different values of S and R. Experi- 
mental data from K+D scattering are reported for comparison. —S=18; S197 


the other band R>1 which gives a better possibility. of fitting the data. 
Fig. 12 shows the behaviour of o,, for S=18 and S=19 and various values 
of di 
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Fig. 13. - Ktn elastic cross-section for different values of S and R. —— SALSE 


a 8219, 


If S=18, we obtain the best agreement with ti 


S increases up 
to 19, È decreases a little (1.75 << R<2). A comparison with the CDT result 
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considering that in CDT the ratio Q was defined as 97/9 —1/R, shows that 
the recoil makes steeper the behaviour of o,, thus improving the fit with the 
experimental data, particularly with the later ones (Rochester Conference), 
which seem to be something lower that was previously assumed. 

Finally, Fig. 13 shows the behaviour of o, calculated with S=18 and 
S=19 and various values of R. 


8. — Concluding remarks. 


The comparison of our curves with those obtained by CDT shows that, 
if one takes into account the recoil, the results are completely changed. 

First, the slope of the curves is in all cases modified in a sense that im- 
proves the possibility of coherently fitting the experimental data on o, and o,,. 
Second, in all cases much higher values than in CDT for the sum of the coupling 
constants S = gi +94 are required in order to fit the data. Although we cannot 
draw from this any definite conclusion on their true values, owing to our deri- 
vation method, we should like to point out at least, that the present result 
may create some doubts on the reliability of the well known conclusion, mostly 
based on previous perturbation or Tamm-Dancoff calculations, that the K-.N° 
interactions are decidedly weaker than the 7-.N° ones. 

On the other side, the values found for o, are greater than those of o, 
and its slope, for each choice of values of À and S, is very similar to that of o,,, 
in good agreement with the charge independence considerations of part A). 

Finally, if we accept the conclusions raeched in part 6) and assume the 
order of magnitude and the slope of o, to be given by the upper Fig. 8, then 
the results of our calculations turn out to be in a quite surprising agreement 
with the experimental data. The best fit is obtained with S~18 and R=2. 

As already stressed, a better knowledge of the experimental angular distri- 
bution should be highly desirable as a more sensitive test to be compared with 
the considerations of the present approach. 


The author is greatly indebted with Prof. N. DALLAPORTA for his interest 
in the work and for many discussions. Many thanks are due to Proff. M. BALDO 
CEOLIN, M. GRILLI and G. A. SALANDIN, for information on the experimental 
situation, and to Proff. D. AMATI and B. VITALE for an enlightening discus- 
sion. He wishes to thank also Dr. CHIARINI and Messr. MAGANZANI and DEL 
Bono for the kind assistance at the IBM Bologna computer, and finally C.N.R. 
for financial support. 
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RIASSUNTO 


In questo iavoro si fa un tentativo di trovare relazioni compatibili tra le tre 
sezioni d’urto K*-N° assumendo la validità dell’indipendenza di carica. Si vede che, 
in questo spirito, la sezione d’urto elastica K*-n dovrebbe essere molto maggiore di 
quanto dedotto finora dagli esperimenti con lastre e contatori. Questi sono quindi riana- 
lizzati: si pone in evidenza la possibilità di aumentare il valore da questi dedotto per 
tale sezione d’urto, portandola nei limiti richiesti dalla indipendenza di carica, con 
ragionevoli cambiamenti dei parametri del modello nucleare usato nelle analisi di tale 
interazione. Infine si fa un calcolo con l’approssimazione di Tamm-Dancoff in termini 
di accoppiamento pseudoscalare K.VY, tenendo conto dei rinculi: si trova un accordo 
abbastanza buono coi dati sperimentali, con valori delle due costanti di accoppia- 
mento gs € 9, dello stesso ordine di grandezza della costante di accoppiamento 7.\. 


IL NUOVO CIMENTO Vor. XX, N. 5 lo Giugno 1961 


Unitarity Conditions in Terms of Propagation Kernels (*). 


E. R. CAIANIELLO and H. UMEZAWA (*) 
Appendix by B. PREZIOSI 


Istituto di Fisica Teorica dell Universita - Napoli 


(ricevuto il 19 Aprile 1961) 


Summary. — It is shown that, if the group property (macroscopic causa- 
lity) of the U-matrix is postulated, the proof of its unitarity reduces to 
a most simple verification on the propagation kernels of the theory. 
The Appendix gives an explicit proof of that property for electro- and 
meso-dynamics by means of perturbative expansions, which may be 
easily generalized. 


We propose to show that the proof of the unitarity of the S-matrix, which 
usually involves rather awkward handling of bilinear expressions, becomes a 
straightforward operation if it is performed, rather than directly on the ele- 
ments of the S-matrix, on the kernels (propagation kernels, Green’s functions), 
from which those elements are easily obtained by means of standard and un- 
ambiguous operations (1). Things become indeed as simple as with the re- 
action matrix: the reason is, as is shown in detail below, that the same kernel 
serves to calculate both a given process and its inverse, while the elements 
of the S-matrix depend also upon the special states of the particles involved. 

We expect this result to be useful especially in connection with the ques- 
tions that arise in the study of renormalization by means of finite-part in- 
tegrals (2). The demonstration given in the Appendix may show that the 

(*) Visiting Professor from the University of Tokyo. 

(*) Research reported in this document has been sponsored in part by the European 
Office of the A.R.D.C. United States Air Force, with Contract No. AF 61(052)-434. 

(1) E. R. CAIANIELLO: Nuovo Cimento, 11, 497 (1954) (referred to in the text 


as IT). 
(2) E. R. CAIANIELLO: Nuovo Cimento, 13, 637; 14, 185 (1959); E. R. CAIANIÈLLO, 
A. CAMPOLATTARO and B. Preziosi: Nuovo Cimento, 18, 505 (1960) 
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computation of bilinear, or multilinear, expressions offers no special difficulties 
if appropriate techniques are used. 

Notation and formalism are those adopted in II. Rather than to the S- 
matrix, we shall refer in fact to the U-matrix, that is to the S-matrix computed 
between finite initial and final times; there is a significant difference, because 
unitarity needs to hold, as is well known, only for the latter. The S-matrix, 
obtains when such times tend to infinity; this is actually a good way to eli- 
minate ambiguities that might otherwise arise in the definition of its elements. 
(This limiting process may cause the appearance of sharp bound states, about 
which we do not have to worry so long as we deal with the U-matrix.) 

We denote the element M,,(t,,t) of the matrix U(t,, t1) relative to the 
transition from state |1> with Schrédinger wave function ®, at time f, to 


state |F> with Schrodinger wave function ®, at time #,, with <F|K%|1;; it 
is given (II-31) by: 
F [Ly «Bg À 
(1) M pits, hi) = CPi aI = Car [&,xi | ty, es bp, Pr. 
¥ Yz ann tay 

where: C,, is a (real) normalization coefficient, specified by (11-32); 

Gini | 

7%, . . > = 
Ke t, .-.Up,}] is the propagation kernel from #, to t, defined 
Yi +. Yn, | 


in II (written here, as already in II, with reference to electro- or 
meso-dynamics solely for the sake of concreteness; our discussion 
may easily be extended to more general cases); 


A 


denotes integration over all space co-ordinates and average over 
all times <t, for initial, >t, for final particles (cf. (II, 2°3)). 
Unitarity requires that 


(2) [U(t,, t,)]t = [U(%, i) 2 


a relation which is quite unwieldy to prove in terms of Mo 
Besides the unitarity condition, the U-matrix is always required to satisfy 
the group property: 


(3) U (ts ta) U (ty ty) = U (tty) 
and in particular: 


(4) U(t,, t)U(t,, tb) = 1. 


We assume now that (3), or at least (4), is satisfied by a theory in which 
T » "E L € LI 
the U-matrix elements M,, are computed, by means of kernels, with for- 
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mula (1). This assumption needs here explicit proof, because easy objections 
might be raised against our using it otherwise; such proof is given in the 
Appendix by means of perturbative expansions. 

Then, from (2) and (4): 


(5) [U (te, 4) ]* = Ut, ty) 
or, in terms of the elements (1): 
(6) CE AD = ee Ey: 


It follows from (6) that, under our hypotheses, the unitarity condition (2) is 
Satisfied if, and only if: 


Ly ... Ly, | Uh ace Whi | 
(7) Kt |t, ...tp, | = UTy*) Ki ae ee 


Ya + Yn, | Vi +. Uy 


VICE 


0 


The products of y* (one for each spinor field) at r.h.s. of (7) originate from 
the normalization (y= y*y') adopted in II. The definition of A? implies of 
course, besides reversal of times, also that all terms +e denoting causality 
in the free propagators wherefrom A? is constructed (causality from past to 
future) be replaced with — ie in AK} (causality from future to past). Thus, 
for example, considering first for simplicity the case of spin zero and vanishing 
mass, we have in our notation for a free boson propagator: 


2 1 


i a ae ee RI 
1 lme=0 ge (ee) Ur Wa) Par (Sig Pa.) a= (lg Ys)? (a Yo)? e 


= ([ey]i)t = [yaT, 


which is clearly true also if m 70; for a free fermion propagator: 
(9) (ey): = (y — my) [ry], = (VO m,)[ya]e)*y* = 742)! 


it would then be a simple exercise to verify that (7) is satisfied also by the 
general perturbative expansions and by the branching equations among kernels 
described in II. 

We notice that our proof separates steps which are in fact logically distinct: 
the proof of the group property, which may hold also if the Hamiltonian is 
not hermitian (e.g. if the electric charge is imaginary), and the proof of uni- 
tarity, where hermiticity becomes essential. (3) is of course a convenient 
way of expressing macroscopic causality, or better, determinism. 
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The concept of «time reversal » used here is not to be mistaken with the 
familiar ones due to WIGNER and PAULI. In the present context, the time- 
inverse process is that which carries the final into the initial state of the direct 
process, going actually from the future towards the past: our relations for- 
mulate, thus, a reciprocity both for processes and for the direction of time, 
and no selection rules can arise from them (but the Hamiltonian must be her- 
mitian). In inversions of the Wigner or Pauli type, the time direction is not 
altered (only Af: intervenes) and a reciprocity is formulated by stating that, 
for a given direct process, also inverse processes (of the Wigner or Pauli type) 
are allowed: this poses more stringent requirements on the interaction and 
leads to well known consequences. 


APPENDIX 


We prove here that U satisfies the group property (3). We suppose to 
have an initial state |/) at time t, with n electrons, m positrons, a photons 
(t, photons in state 1, 7, in state 2,..., 7, in state « (7, + ...+ ta= d)); a final 
state | F} at time t, with p electrons, (m + p— n) positrons, b photons (o,, in 
state 1’,..., og in state f' (ov +... + og —b)); an intermediate state |i) at 
time t with s electrons, m+ s—n positrons, c photons (0, in state 1”,..., 
o, in state y" (011 +... + 0,» = c)). The expression for the matrix element 
M pi(t,, to) is given by (II.2); we have likewise, for M,,(4,t) and M,,,(t, to), 


(= 1 yet +(2) -(3) qn u À 3 È 
4 = 3 ef ef 
M(t, to) = van Ta nen NTI | Jas der > vie yi 
Ori QTA n Ty (are) fi og Pi Ow PX 
to to 
En OO Oe ee ae 
[E Er 2D gl@ gn NOUS: : 
E! gi (1) (n) =") — Lai 
(SOA 1 D he pitmts—n) ) 
(A.1) te ie 
Di ti ty 


om+2s—n'-+-( 2) — À 
Pa (i I ) 3 (2) a) SS Ay" dE’ dé" ni lave 
/ — iti ei = see eee 7 ) n." 7 
AS 1 OS » 2 Vpn Voi 


Hi THX 
Norton! pali. plate i 
t t 
El El a" ( ny —(1') = 
4. sn © RATE (mtstn)") (D') 
cell A el x 24 | (el) (Ak 09%] Sil SN u anc {hi 
ell e! (15) (8) =") Di . 7 
Fil ado wr U ae an; D ce pUMto=n)") 


ti ty 
fos =[orsfas. 
t t 


where 
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The group property is proved if it is shown that 


Di M y(t, t) M;,(t, to) = M pr(t1, to) ’ 


(i) 


where the sum is extended to all intermediate states |i>. It will suffice to give 
our proof only in the case that t, > t> ty; it would be a straightforward matter 
to verify then that the same is true for any other time sequence because of 
the definition ((II.3), (II.5)) of the free propagators. For given ¢ and s, if 
we divide by the statistical weights c!/(01.!... 0!) and s!(s+m—n)! of the 
corresponding intermediate states, we can sum over all states. Then we sum 
over c and s. N'+N" has the same parity as N (which appears in M,,). 
For a fixed N’, we can sum only over the values of ¢ which have the same 
parity as N’+ a (or as N"+ bd). We may fix arbitrarily also N”, with the 
condition that the parity of N'+ N” be the same as a+b. Then we sum 
over ¢ with this condition over N’+ N”. We conclude that 


(= 1)(2) = (2)+p(m—n) 
(A.2) DM == 
@ one os 


He ret rai: 
INCI E 
a Za WONT WIN” fast. dés jf dd nr rte 


4 I 1 —(1" —(s" 
x (— 1 )smtn) va cee Ex v' Pre Fil U ane U 92 
rsst+m—n)! EE, yD ut D... pm") 
if ANT CE (m+s—n)") al) 7 
jose ge 0 n. (mt) BE) ag 1 A 


x c!/(01! 


ME MI ul DA... ton) Our! ... Oyr! - Oy!) 


> Se Ten 2! te 29 gil a ger [EL ee Ee 22% NE 20% ZA 6 2] 


where Y and Y mean respectively sum over all the fermionic states and sum 


Pass b.s. 
over all the bosonic states. 
Now 


" ” na Na a NC, 
(NSS) DI > RE Paes eon EROE, en eae Bea see alle 


c(N' +a) C i db.s. 


may be written in the simpler form 


(A.4) » aA 35 [la . > Lyte ARS, | [la 900 Leg eas 20] ’ 


c(N La) © 


LE = 1 Fy eed NT 
lene ie Cor pa NIN for re N di for r EN, L= 6000 
Lor. 7 = iN. 
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A generalization of (IT.4) and (11.9) gives 


(A..5) Da ae 


b.s. 


which means that a photon is created in l, and destroyed in /,. By using 
(A.5), (A.4) becomes 


Roo Nita d.., NFL 1,000) WV +a 1,2, ND 1,..-.¥ +a 1, ++ N°+b 
Sa), ae ED SI sas 
ev Dr ti hy Keak ala koFkisetko1 hehe she1 


Mii Ae 


where 4,, .…., iwi4a-0r Kr, ce.) Ke 18 à permutation of 1, ..., N'+a-and j1; ---, Jw4y—or 
h,.….,h, is a permutation of 1,...,N”+ 6. Now every term of 


fi 


(A..7) LA see no li tee las , 
appears in { } in (A.6) c! times and the number of terms of (6) is equal to 


(N'+ a)! (N+ 5)! 


Asi NED a =) UN c)!! 


which is equal to (N’+ N”+a+6—1)!! and is also the number of terms 
of (A.7). It follows that (A.3) is equal to 


(A.7') AI El El 2, 20 20. 20 


Let us consider now the quantity 


CA: ia i 


(A.3') >> 4 


sms 
I if — ” " " —(1/ ’ 
ee US OU nan El. Eye OF, pinta") BN) ge) 
/ / 1 —(y" ” < os ” o" —yr = A i 
ë, Le Ev ui. u® va yo. pÜmts=n) ), E nd Er ut ) US ) pr? cea P(Mtp-n)') 
x | a 9 FER = =) . : V 
By putting l,= &, for i<N', 1; = 08 fori> N, LE E, for i< N', = ut 1 


GE NE eel AE =, à : RE MAR : be 
for é>N', k=É& for i<N", ki:=u() for i>N", ki = 6! for ie NY, 


I. p(G-N") SA TI ‘ È ; 
ki" for +> N", (A.3') may be written, after a permutation of terms, 
in the form 


(— Lee 
A.8 Ei) esr ee. 
ae 22 Um+s—n)! 


— (1°) (3" 
li... Uvi4m CHE) | ki sins kw'4n 09"... yimts—n)") 
I I — 1° 7 
Rte pa). ) (mts_n)” ie a (1") (s* 
rere UN4n .. V VA Ri 
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A generalization of (11.6) and (11.13) gives 


(A.15’) (o ui )= TON Mae 0; > (uoln) (Ugly) = Fe (lle): > (dolx) (Vln) = (UE) , 


1.8. f.8. 


with a meaning analogous to that given for (5). 
By using these formulae, we prove now that (8) is equal to 


ne th tee lue, ki "e. ky'4» 
(A.9) (— 1) (m_-n) 


td ! I [ 
A SO Lyin ky sicko hist ina 


Re a. lu tere permiubation: ON LAN Ni. «<5 949 oo 
is a permutation of 1, wong N'+ ps gs Uyaieens tar tytn 19 è permutabion 
OMR NE Là a tone nr n lgs a permutation. of 1... NU m2 poor. 
with ja< J. for d<e, and mo foriji 4,0, 7, 7, t,t sine camexpand (3) 


in the form 


ne = ls, Que Lee 
f A 
(410) XX, SEE EEC 
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, 
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where Y means sum over all the possible combinations of j1, ..., 7, extracted 
e(j) 
from 1,..., N'+ n, and similarly for the other sums, and 


A = (N’+ m)s + (N"+ p)(m+ 8 — n) + (N"+ p — 8)s8 + 


of of 
| s(s 1) hh ©. Is | ein es Ì it. NE n er alle 
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Then (10) becomes 


(A.13) » ee an a! > Di x > = Dai 


nm ou 
led Ae a Ft Ps mes 


: Ri 7 7 if ! I slo 
s o(j) cli) oi) cli) cane ira k, ¢ ie È 
Keg. Kylie line, 
I I I 2 
LA Kg. Kimys-n 
On the other hand the expansion of (9) gives 
(A.14) ie ag 
s clj) cli’) 
ki A ky'+5 ti ae lesa 
b) 
‘i ! I 2 I I afr pe 
Li, eee li, ky eee Re be eee ag ki: eee ki 


where 


B=(N'+ m)(N"+ p)+3(N"+ p)(N"+ p +1) + (N+ (N° m + p — n) 


wale x ni «f . è E 
(A I n)(m O) n) dy No) Vet on lier oo aes 


But (4.14) is equal to 


LIVIO) DTA ro 


s c($) cli) cli') cla) 


In Si ar A 
PRESTON RI PRO es AN ni. 
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LPs tee ae ki: see ESE U5, ents L, ki: san ke See 


3 (Mm LS n)(m LS n + 1) | i, IR lat a eee ia 


Then, since p(m—n)+ A-+s has the same parity as N’(m+n)+ B4+ B', 

it follows that (A.13) and (A.15) are equal. Thus (A.8) and (A.9) are equal, 

and we can write, 
1 4 x (3) = (3)+2mt+m 

(A.16) D Mit t) M.x(t, to) = i D) = = 


r= = 


x / Li 
(i) Volo 
qua hot 
È ' " È 
e > 23 dé de' e” qel | IT) Ly! Hi bey 
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e! 1 it fi ' 
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by taking into account that (3) is equal to (A.7') and that, from the equality 
of (A.8) and (A.9), it follows that (A.3’) is equal to the ‘determinant which 
appears in (A.16). 

Omitting now for short the integrand of (16), which is symmetric in all 
the variables of integration, we have: 


awry” : SE 
aa |... /d&...d [fa eee ye = 
Sa fasi ae [fast ae; 
to to t t 
Kes 
N N fe 
E ch dé! ao (Bl ad " 5 tl N == = fi . Nd 3 
sly I N'=0 eh | D sf. I ae oy pi Tm Dei ie du Sa 
to to to 


with a change of the names of the variables. Then clearly (16) is equal to 
(EI): que-d. 


RIASSUNTO 


Si mostra che se si suppone che U verifichi la proprietà gruppale la sua unitarietà 
si riconduce ad una più semplice verifica sui nuclei di propagazione della teoria. In 
Appendice viene dimostrata la proprietà gruppale di U per l’elettrodinamica e la meso- 
dinamica, mediante lo sviluppo perturbativo. 


= 64 - Il Nuovo Cimento. 
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LETTERE ALLA REDAZIONE 


(La responsabilità scientifica degli scritti. inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


Uniqueness of the Orbital Angular Momentum Operators. 


J. R. SHEWELL 


Auburn University - Auburn, Ala. 


(ricevuto il 2 Gennaio 1961) 


The authors of a recent paper with 
the above title (!) claim to prove the 
following theorem: 

If, in a separable Hilbert space in 
which the three cartesian coordinates 
form a complete set of commuting 
variables, the two self-adjoint ope- 
rators L and L satisfy the commutation 
relations 


Gg Lave 0E 
(2) Igy, Lo] SA [de Dy) = 14, (eycl.), 
ENE IRA 


(4) [g;, Lj]=0, 


9 


(5) ICE L;] TEA [do, Li] = ids (eyel.) ; 


ip Wha Reh Bp 


then there is a unitary operator U 
which commutes with q and which 


transforms L into L 


(7) ULUA=L. 


(1) J. S. Lomontr and H. E. Moses: Nuovo 
Cimento, 16, 96 (1960). 


The purpose of this letter is to show, 
first, that their proof of this theorem 
is faulty; and, second, that the theorem 
is false. 

The proof of the theorem depends 
heavily on the statement that every 
solution of the equation 


(8) (xx V)xf(x) =—fix), 
must have the form 
(9) fx)= (zx V) (x), 


where g(x) is an arbitrary scalar field. 
Now, according to (9), 


(1) V-f(x)= 
= (Vo): (Vxx)— x (VxVp)=0. 


But the vector field 
(11) fi(a) = r(wity J) [(a? + y*), 
where 
(12) rà = at ty? | od, 
satisfies (8) and its divergence is 


(13) Vfa)=r140. 
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Therefore, the statement that every 
solution of (8) must have the form (9) is 
false and the proofof thetheorem is faulty. 

It might happen that a proof is 
faulty, but the theorem is still true. This, 
however, is not the case for this theorem. 
For, consider the self-adjoint operator 


(14) L= of,(q)+ L, 

where 

(15) L=qxp, 

and « is an arbitrary real non-zero 
number. If the theorem is true then 


there exists a U such that 


(16) D=I4EU 

and which has the property of preserving 
the form of all equations. In particular, 
if L,=L-viL,, L-=f£,—iL, are the 
raising and lowering operators, respec- 
tively, for functions characteristic of Ls, 
and if n= U-Y$(0, p), then we should have 


(17) Ling = 0, 
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and 
(18) L_nj= 0. 


If one transforms to spherical polar 
coordinates it is easily seen that 


(19) LD, — x exp [+ ig] cosec 0+ D4, 

(20) DL = «exp [— ig] cosec 06+ L_. 
Solving (17), we get 

(21) 


no = (1830). 


The substitution 
into (18) yields 


of this function 


(22) L_n6=2 exp [— ig] (cosec 0)79 40. 


Since (18) is not satisfied we con- 
elude. that there exists no unitary 
transformation relating L and L, and 
this counter-example proves the theorem 
to be false. 

This counter-example was constructed 
during the course of a study on gener- 
alizations of the angular momentum 
operators. 


IL NUOVO CIMENTO 


MOT XX NEED: 


Nuclear Excitation and Multiple Production 
in Proton-Nucleon Collisions at CERN-PS Energies. 


G. Cviszanovicu, B. Dayton, P. EGLI, B. KLAIBER, W. KocH, M. NIKOLIC, 
R. SCHNEEBERGER and H. WINZELER 


Physikalisches Institut der Universitat - Bern 


J. C. ComBE, W. M. Gisson, W. 0. Lock, M. SCHNEEBERGER 
and G. VANDERHAEGHE 


CERN - Geneva 


(ricevuto il 2 Febbraio 1961) 


The external beam (1) of elastically 
scattered protons from the CERN Proton 
Synchrotron was allowed to enter two 
stacks of Ilford G5 emulsions 15 x 20 em?. 
The momentum distribution of these 
protons, obtained from a magnetie anal- 
ysis (*), is shown in Fig. 1. The average 
momentum was 23.5 GeV/c. 

Individual tracks have been examined 
and 1241 stars found in a total length 
searched of 454.4 m. The mean free 
path for production of these stars is 
thus A=(36.6 -—-1.0) em. Within the limits 
of error this value is the same as those 
obtained at 6.2 GeV (?) ((38.2-+1.5) em), 


(*) We used the beam arrangement kindly 
provided by Coccont, DIDDENS and WETHERELL. 
(*) B. Dayton, W. Kocx, M. NIKOLIG, 
H. WINZELER, J. C. Compr, W. M. GIBSON, 
W. O. Lock, M. SCHNEEBERGER and G. Van- 
DERHAEGHE: Helv. Phys. Acta, 38, 544 (1960). 
(?) H. WINZELER, B. KLAIBER, W. KocH, 
M. NixoLié and M. 
Cimento, 17, 8 (1960). 


SCHNEEBERGER: Nuovo 


at 9 GeV (3) ((37.141.0) em) and at 
250 GeV (4) ((41+10) cm. 

In Table I we show the main features 
of the 1241 stars. 10.8% are « white » 
ones, i.e. they show no tracks with 
B<z 0.7 (*) (N,=0). All events with 
one secondary track with £ > 0.7 only 
are called «scatterings» and have not 
been counted as stars. The cut-off angle 
for detection of these events with no 
visible excitation energy was about 20’; 
they occur with a frequency of about 
10% of the number of stars. In Fig. 2 
we show the distribution of the pro- 
jected angles on the emulsion plane for 
these scatterings. 


(**) Selected by visual estimation. 

() N. P. BoGACHEV, S. A. BUNJATOV, 
T. P. MEREKov and V. M. Srporov: Dokl. 
Akad. Nauk. SSSR, 121, 615 (1958). 

®) We thank Prof. M. TEUCHER and 
Dr. E. LOHRMANN for communication of these 
results prior to publication. 
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Aperture of collimator (1 cm) 


Protons pesi 
per cm? 


2x10°) 


6.3x10'? accelerated 
protons 


<p>= 235 GeV/. 
Be-target 


108 
LA: altra > 
2.620725 24 23 2? 21 20 
1 cm GeV/ 

Fig. 1. — Momentum analysis of beam 19 m behind collimator, 13 m behind magnet. 
TABLE I. — Compilation of observed values. We estimated the number of inter- 
È actions on hydrogen nuclei by using 

vor : FEU 
Total path 454.391 m the statistical analysis whose principle 


was described by WINZELER et al. (?). 
In this analysis kinematical criteria are 
1241 used to distinguish stars which might 
have resulted from interactions with 
hydrogen nuclei. The distribution of 
electrons and blobs in different types of 


Number of observed stars 
(excluding scatterings) 


Mean free path for star (36.6 + 


duction +1.0) cm : Di 
A a star is then used to estimate statistically 
: 5 how many of these pre-selected stars 
Stars with V,=0 134 È 
a A are in fact due to interactions with 
BA hydrogen nuclei. 
Stars with N=1 119 : See ns 
race > È This analysis indicates that about 53 
aio N 6 454 of our 1241 stars were due to inelastic 
o: EA proton-free-proton collisions, and a 
rivi 526 further 8 to elastic proton-free-proton 
) 1 aa 


collisions. These results give the fol- 
lowing cross-sections 


Number of elastic 


p-free-p scatterings è 
o(p-f-p) inelastic = (37+11) mb, 
‘ ing: 11 | 
oo i o(p-f-p) elastic = (5.553%) mb. 
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A Number of scatterings 
per Agy=5 
16 
14 
12 
10 
8 
6 
U | Vara 
> 
; [| A. N as e. - i] —-~p 
0 30° de 1°30 2° 2°30 3 3° 30 4 


Projection of angle into the plane of the emulsion 


Fig. 2. — Angular distribution of the scattering. 


About + (*) of the inelastic p-free-p 
events are still accompanied by a heavy 
track (6<0.7). 40% of the white even- 
prong stars and also 40%, of the even- 
prong stars with N,=1 are due to col- 
lisions with free protons. One cannot 
identify individually the inelastic inter- 
actions with hydrogen nuclei, but the 
best sample one can obtain from pho- 
tographic emulsions is given by taking 
the stars which have N,=0 or 1, have 
an even number of secondary prongs, 
and which are «clean », i.e. have neither 
electron track nor blob. About 70% of 
such a sample in fact results from ge- 
nuine inelastic collisions with hydrogen 
nuclei. 

The average multiplicity for charged 
secondary particles of the 53 proton- 
free-proton interactions was calculated 
to be 


n(p-t-p) inelast. = 4.14 0.6. 


According to our statistical analysis the 
multiplicities of the 53 events 
distributed as follows: 


were 


Multiplicity Bh ah 6 8 10 
No. of events 20 17.5 10.5 4 il, 


(*) This value might slightly be 
estimated, see discussion below. 


over- 


These numbers apply to the 53 events 
as described above; it is possible that a 


TABLE II. — Frequency distribution of 
660 stars as a function of N, and the 
corresponding thin track statistics. 


Number Average 
e of stars Teri number of 
Na with number thin tracks 
V1 Of Stans per star 
0 — 63 4.9 
1 16 74 3.6 
2 9 54 3.8 
3/4 12 98 4.6 
5/6 2 85 One 
7/8 4 56 Darth 
9/10 6 42 bal 
11/12 0 SY Tod 
13/14 _ 36 6.0 
15/16 — 3 6.3 
17/18 — 24 6.7 
19/20 = 21 8.8 
21/22 — 16 6.9 
23/24 == 10 md 
25/30 — 12 8.0 
SLHO ES 6 10.0 
Nn (excluding stars with Nn= 0) = 8.4. 
Nn (from stars with ns=1, without scat- 
terings) = 3.7. 
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sample of genuine collisions with hydro- 
gen nuclei would contain a smaller pro- 
portion ot events with multiplicity 2, 
since our sample may include some quasi- 
elastic collisions with bound nucleons. 


MULTIPLE PRODUCTION ETC. 
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Finally, we transformed the labora- 
tory system angles of the secondary 
particles in the events in the best sample 
into ¢.m. system angles. For the shower 
particles we used the simplified trans- 


y Number of tracks per ag: 5° 


200 


100 


0 10#1%20 250) nad 


Theoretical 


Fig. 3. 


In Table II we show the average 
number of shower particle tracks, 7,, 
as a function of N,. The apparent cor- 
relation between N, and 7, is presumably 
due to secondary interactions. The stars 
with large N, have twice as many shower 
particle tracks as the proton-free-proton 
events. 

Fig. 3 shows the angular distribution 
in the laboratory system for the shower 
particles of 202 stars with N,=0 and 1. 
About 25% of these events are due to 
proton-free-proton collisions, the rest to 
collisions with bound protons or neutrons. 
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— L-angular distribution of the shower 


7080: 
Angle inthe L-system 


half angle 


tracks of all stars with N,=0 and Na=1. 


formation formula 


Be TAEON 
tg 0" = —tg , 
HAN bt 


. L 
valid. fori Bo. Poetic: 


Grey tracks due to protons were 
followed to the end of their range, their 
energy determined, and the precise trans- 
formation formula was employed in these 
cases. The distribution thus obtained 
for the 2, 4 and 6 prong events, in the 
best sample, is shown in Fig. 4. 


1016 


Group, under Dr. P. GERMAIN, for their 


efficient 


G. CVIJANOVICH, B. DAYTON, P. EGLI; B. KLAIBER, W. KOCH, ETC. 


Number of tracks 


Fig. 4. 


20 
16 2 -prong stars 
12 

8 

4 


apes 202,002 06 10= cose, 


12 4-prong stars 


SONNE os 0.280002 905 ie 


A 
16 
12 
6-prong stars 
8 
4 
0 > 
10 - -02 0 02 06 LO ecosu 


— Angular distribution of the «best » sample in the c.m. system. 


ala? Prof. G. Coccont and his group for 
their help and co-operation in various 
We wish to thank the P.S. Machine stages of the experiment; and the miero- 


operation of the machine; careful and painstaking work. 


scopists in Bern and in CERN for their 
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Interaction of High Energy Protons from the CERN Proton Synchrotron 
with Photographic Emulsion Nuclei. 


C. BRICMAN (*), M. CsestHEY-BARTH (°°), J. P. LAGNAUX (**) and J. SACTON (**) 


Université Libre de Bruxelles - Bruxelles 


(ricevuto il 16 Febbraio 1961) 


We report here some results on inter- 
actions of protons of about 14 GeV with 
photographic emulsion nuclei (*»°). 


1. — Exposure and experimental method. 


A stack of 70 Ilford G-5 emulsion 
pellicles, each 20 em X 10 em x 500 um 
was exposed to an external beam of 
elastically scattered protons from the 
CERN proton synchrotron (?). The en- 
ergy of the circulating protons when 


(*) Assistant à l’Université Libre de Bru- 
xelles. 

(**) Chercheur agréé à lInstitut Interuni- 
versitaire des Sciences Nucléaires, Belgique. 

(*»*) Interactions of protons of about 24 GeV 
are studied in a paper by the CERN and Bern 
groups (1). 

(1) G. CVIJANOVICH, B. DAYTON, P. EGLI, 
B. KLAIBER, W. KocH, M. NIKOLIG, R. SCHNEE- 
BERGER, H. WINZELER, J. C. CoMBE, W. M. 
GIiBson, W. 0. Lock, M. SCHNEEBERGER and 
G. VANDERHAEGHE: Nuovo Cimento, 20, 1012 
(1961). 

(2) B. Dayton, W. KocH, M. NIKOLIG, 
H. WINZELER, J. CoMBE, W. M. GIBSON, W. 0. 
Lock, M. SCHNEEBERGER and G. VANDER- 
HAEGHE: Helv. Phys. Acta, 38, 544 (1960). 
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they struck the target was 14.9 GeV (’). 

The plates were searched by the usual 
«along the track » method using a x50 
objective and x 15 eyepieces. The tracks 
were followed over a range of 15 cm or 
to the point where the proton interacted 
or left the plate. Great attention was 
paid to avoid systematic biases against 
detection of small stars with a shower 
particle emitted approximately in the 
beam direction. For this purpose, when- 
ever a slight deviation of the track was 
observed the exact point of deflection 
was found and carefully scrutinized. 


(*) At the moment of the exposure, the 
beam was thought to be almost monoenergetie. 
But later, a magnetic analysis made by Coc- 
CONI, DIDDENS and WETHERALL of the 24 GeV 
proton beam obtained in similar conditions 
showed that the energies were spread over a 
few Gev. To check this in our stack, we per- 
formed some scattering measurements on pri- 
mary protons. The results show that the mea- 
sured energies are rather symmetrically distri- 
buted from 9 to 20 GeV, with a maximum at 
14 GeV. The high energy tail extending up to 
20 GeV is obviously due to the inaccuracy of 
the measurements and the symmetrical low 
energy tail is thought to have the same origin. 
It is quite clear that there is no significant 
contribution below 10 GeV. 


1018 


All track deflections greater than 2° in 
the plane of the emulsion sheet or 
greater than 5° in the perpendicular 
plane were recorded. 


2.- Interaction mean free path. 


A total path of 145 m has been fol- 
lowed and 504 interactions were found. 
In this figure are included: 


a 


a) 7 possible elastic proton-free 
proton collisions; 

b) 3 events with one emitted rela- 
tivistic particle and a short nuclear 
recoil only; 

c) 2 large angle 
respectively 4° and 10°. 


defiections of 
The mean free path for the production 


of these interactions by 14 GeV protons 
is thus: (28.8+1.3) em. 


| 


70- 


40} 


N stars 


20 


C. BRICMAN, M. CSEJTHEY-BARTH, J. P. LAGNAUX and J. SACTON 


\ 


were divided in two classes according 
to their specific ionization: 


a) shower particles (9 < 1.5 er 


b) heavy particles (9> 1.5 i teau) - 


This limit corresponds to a velocity 
B=0.63. 

In Fig. 1 is plotted the distribution. 
of the stars with respect to the shower 
particle number, »,. The average number 
of shower particles emitted in one event 
is N,=-(4.9+0.1). Data on the variation 
of ©, with increasing incident proton 
energy have been collected by N. P. Bo- 
GACHEV et al. (?). In Fig. 2, we add to 
these data our value and the one 
recently obtained by H. WINZELER et 
al. (4) at 6.2 GeV. Im our experiment 
the maximum observed value for n, 
is 17. Some 26% of the stars contain 
more than 6 shower particles. This 
result is to be compared with the figures 


Fig. 1. 


3. — General analysis of stars. 


A general analysis of 481 interactions 
lying at a distance greater than 40 um 
from either surfaces of the unprocessed 
emulsion has been carried out. The par- 
ticles emitted from 


these interactions 


10 12 14 16 


— Distribution in ns for all the events. 


(*) N. P. BOGACHEV, VAN Suu Fen, I. M. 
GRAMENITSKII, L. F. KIRILOVA, R. M. LEBEDEV, 
V. B. LIUBIMOY, P. K. MARKOY, Iv. P. P. ME- 
REKOV, M. I. PopGORETSKI, V. M. SIDOROYV, 
K. D. Torsrov and M. G. SHAFRANOVA: The 
Sov. Journ. of Atomic Energy, 4, 373 (1958). 

(4) H. WINZELER, B. KLAIBER, W. KocH, 
M. NIKOLIG and M. ScHNEEBERGER: Nuovo 
Cimento, 17, 10 (1960). 
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reported at 9 and 6.2 GeV, d.e., 13% m,>6 and m,>20 are equal to 47% 


and: 2%. and 10%. As can be seen from Table I: 

né 

4 

lè 

+ 
3 
t 
2 a 
: è 
i ? 
tI 
2 4 6 8 10 12 14 E_ (GeV) 
p 


Fig. 2. — Plot of »s versus incident proton energy. À Data of W. 0. Lock ef al. (5). ©: Data of 
W. R. JoHNSoN (°). O Data of R. E. CAVANAUGH ef al. (7). x Data of H. WINZELER 
et al. (*). © Data of N. P. BoGACHEV et al. (3). @ Present work. 


The mean vaue of n, per event is 8.4. these last three quantities seem to be 
The fractions of stars characterized by constant with increasing primary energy 


DI 


— NWO Sa D Vv 


T 


2 4 6 8 10 12 14 16 18 20 22 24 A 26 
h 
Fig. 3. — Plot of ms versus nn: Xx Data of H. WINZELER et al. (4). O Data of R. R. DANIEL et al. (8). 
@ Present work. 


(ARTI 

(4) W. O. Lock, P. V. MARCH, H. MuIR- Proton % of stars with 
ae a a a V. Rosser: Proc. Roy. Soc., energy n, 
A Le DO) 

(€) W. R. JOHNSON: Phys. Rev., 99, 1049 (GeV) m>6 | n,> 20 
(1955). 

(7) R. E. CavanAUGH, D. M. Haskin and 
M. SCHEIN: Phys. Rev., 100, 1263 (1953). 6.2 8.8 48 10 

(8) R. R. DANIEL, N. KAMESWARA peo: 9 8.3 50 11 
P. K. MALHOTRA and Y. TSsuzUKI: Nuovo Ci- 4 47 10 
mento, 16, 1 (1960). 14 8. 
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1020 C. BRICMAN, M. CSEJTHEY-BARTH, J. P. LAGNAUX and J. SACTON 
distribution of these stars with respect 


at least in the energy range from 6.2 ith 1 
to their number of prongs is given in 


to 14 GeV. 
In Table II we give the values of 7, 


(for events with n,<7 and n,>6 (at TABLE III. 


6.2, 9 and 14 GeV). In Fig. 3 we plot 
the variation of n, with », at 6.2 and osa Number of events 
14 GeV. A consideration of the results tons | erate eee 
given in Tables I and II and in Fig. 3 | aa a 
TABLE II. 9 10 Ta 
= . 3 9 LS 8 
Proton energy ns for stars with - 7 (i 
(oo) n < 7 Nn >6 5 = 6 
6 5 =e, 
6.2 273 3.0 1 = 4 
9 3.4 3.5 8 LA 
14 3.8 6.0 9 a= ra 
10 1 =. 
Total 26 18 


suggests that the number of heavy 
ionizing prongs emitted from heavy Table III. No elastic proton-free proton 
nuclei does not increase with the number scattering was found among the two- 


N 
b) 
20} 
10} 1 1 mn 
50 70 80 180 


L 1 


; mi Lian] 
10 30 5070 90 180 Angle (deg.) 


Fig. 4. > Laboratory angular distribution of shower particle tracks with respect to the incident 
proton direction for white stars with (a) an even number of prongs and (b) an odd number 
of prongs. 


of pions produced (directly or via sec- pronged white stars. The angular di- 
granny Me Ty stribution of the prongs with respect 
Le NA the events are «white» stars to the direction of motion of the pri- 
v.e. stars with only shower tracks. The mary proton are plotted in Fig. 4a 
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for the even prong events and in Fig. 4b 
for the odd prong events. 


We are greatly indebted to the CERN 
P. S. Machine Group under Dr. P. GER- 
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MAIN for use of the facilities of the 
Proton Synchrotron and to the CERN 
Emulsion Group for the set up of the 
beam. Our further thanks are due to 
our scanning team: Mrs. M. FRANCOU, 
Mrs. F. Jonnson, Mrs. F. VANDER- 
HOEVEN, Miss J. LeonarRD and Miss 
Cu. StorreN for their painstaking work. 
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Some Remarks on Sakurai’s Theory of Strong Interactions. 


A. P. BALACHANDRAN (’) 


Department of Physics, University of Madras - Madras 


AND 


N. G. DESHPANDE 


(ricevuto il 19 Febbraio 1961) 


Recently, SAKURAI (!) has proposed 
a theory of strong interactions along 
lines originally suggested by YANG and 
MILLS (?) and subsequently discussed 
by several authors (8). We would like to 
make a few remarks concerning this 
theory. 

It may be easily seen (for example 
from eq. (9)-(11) of reference (!)) that 
in such a theory any single baryon or 
spinless meson field always occurs bili- 
nearly. The La-rangian is consequently 
invariant under a change of sign of 
any one of these fields, the other fields 
being left unaltered (where, as in what 
follows, components of isotopic multi- 
plets are regarded as belonging to the 


same field). A direct consequence of 


(*) Atomic Energy Commission Senior Re- 
search Fellow. 


(1) J. J. SAKARUAI: Ann. Phys., ala al 
(1960). 

(*) C. N. YANG and R. L. MILLS: Phys. 
Rev., 96, 191 (1954). 

(COR ED opr and CIN TANG: Phys. 
Rev., 98, 1501 (1955); Y. Fusm: Prog. Theor. 


Phys. (Kyoto), 21, 232 (1959). 


this is that reactions such as K+p- 
Z*->+x# or B,-> odd number of pions 
(where B, denotes any vector field) 
are forbidden. In general, any reaction 
in which the final state is different 
from the initial state is not allowed 
(provided, of course, it is not of some such 
form as for example ptpe>r*+7x or 
A+B-A+B+Bp). 

Another consequence of the bilinearity 
of the Lagrangian in the baryon or 
spinless meson fields is that it cannot 
give rise to an effective interaction of the 
form igyy;Ty or any other interaction 
which is linear in any one of these 
fields since such interactions do not 
possess the symmetries of the actual 
Lagrangian. This Lagrangian also does 
not define any of the relative parities 
between these fields (reactions such as 
m™ +D—-n-+n (4) being forbidden). 

The above discussion assumes that 
all the fields are elementary. It was 


(4) W. K. H. PANOFSKY, R. L. AAMODT 
and J. HADLEY: Phys. Rev., 81, 565 (1951). 
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pointed out by DALLAPORTA (5) that 
such difficulties are removed for 7 
production in K-n collisions (for instance) 
if x and K are regarded as suitable 
compound particles. This by itself is 
insufficient and it is necessary to regard 
all the baryon or spinless meson fields 
as made up of two basic fields if we 
are to avoid such difficulties in other 
reactions. This is at variance with 
Sakurai’s point of view (!) that it does 
not matter whether elementary particles 
are really «elementary » or not in his 
theory. 

The theory also does not explain 


(®) Private communication. 
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why there is no bound system of an n 
and ae (6) 


We wish to thank Professor N. DAL- 
LAPORTA for critical comments and Profes- 
sor ALLADI RAMAKRISHNAN, Mr. N. R. 
RANGANATHAN and Mr. K. VENKATESAN 
for stimulating discussions. One of 
us (A.P.B.) is grateful to the Atomic 
Energy Commission for providing him 
with a Fellowship which enabled him 
to participate in this work. 


(5) We are grateful to Professor N. DALLA- 
PORTA for pointing out this difficulty. 
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Y* and K* in Strong Interactions (*). 


J. FRANKLIN and S. F. TUAN 


Department of Physics, Brown University - Providence, R. Te 


(ricevuto il 4 Marzo 1961) 


Recent experimental evidence (') suggests that a spin of the /=1 excited hype- 
ron Y* of J=4 with strong decay Y*>-r+A through the S-state (i.e. (Y*, A) parity 
is odd) is possible. This supports the attractive hypothesis (2) that the Y* (pion- 
hyperon resonance) is induced by the S-wave association of the K7-p system or a 
« bound state » of the K-nucleon system first discussed in some detail two years ago (***). 

It may be of some interest to discuss this « bound-state resonance» Y* as a 
third pole (in addition to A and Y) in the unphysical region for K.N dispersion 
relations, i.e. allow Y* to assume a particlelike interpretation—exact in the absence 
of strong decay Y*>r+A(X). In terms of the physical model proposed, the con- 
tribution from this resonance pole to the dispersion equation is to be understood 
in terms of the analytic continuation of the K.N° scattering amplitude for scattering 
length solution (a —) (5). Using an unsubtracted from for the K~-p dispersion rela- 
tion (9), we expect 


(1) (M,) Il x |= T(0')do' 
or 


(Gi y«/ 420) n > = 
0° — Me 


Vai 


Here Giy«/4a is the renormalized coupling constant for the (KNY*) vertex, 
Myx~ 1385 MeV, and the imaginary part of the K~-p scattering amplitude 7(a) 
is evaluated over an energy interval for which the (a —) solution gives a resonance 
to T(w). In Fig. 1, we have plotted Im 7(@) in the unphysical region below K7-p 


) This work was supported by the U.S. Atomie Energy Commission. 
1) M. M. BLocK: private communication on the work of K7-*He. 
) 

La 


S. F. Tuan: Nuovo Cimento, 18, 1301 (1960); M. Ross and G. SHaw: Phys. Rev. Lett., 5, 


. H. DALITZ and 8. F. Tuan: Phys. Rev. Lett., 2, 425 (1959); Ann. Phys., 10, 307 (1960). 
R. KARPLUS, L. KERTH and T. Kycra: Phys. Rev. Lett.. 2, 510 (1959). See also R. H. DALITZ: 
UCRL-9543, Phys. Rev. Lett. (to be published) (1961), 


(5) R. H. DaLIitz and S. F. Tuan: Ann. Phys., 8, 100 (1959). 
(°) S. E. Tuan: Phys. Rev., 113, 1375 (1959). 
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threshold, using the more recently determined scattering parameters for (a —) (7). 


[ Ap = — 0.25 + 1.65% = a, + ib, 


— 

bo 

— 
n 


A, = —1.09 + 0.207 = a, + ib. 


K-N Threshold 


(a-) 
130 
Im T 2 
fermi 
(Unphysical os 
Region) 
/ 
/ 
/ ee 
/ 
/ 
/ 
/ 
# 
/ 
1.0 
ImT, _(KZoda) Let 
lo) Dre 
I=0 DT 
e | T;.q{KEeven] 
st i tue 1 il JE L 
350 300 250 200 150 100 50 0 
260 
FI (Lab. in MeV/c) 
Fig. 1. — Im 7 and Im 7-9 as functions of laboratory momentum lbr | in MeV/c for the region 


of unphysical K~-p energies for solution (a —). The curves Im 7'7_9 for the two parity assignments 
{KX) odd and even are normalized to g=q at the K=-p threshold; q and q are, respectively, 
the c.m. momentum for the x-X system and its value at this threshold. 


It is of interest to note that these new scattering lengths solutions do predict 
a binding energy for the Y* — — 48 MeV and a half width 7/2 — 17 MeV on the 
basis of zero range theory—both consistent with experimental data. In fact the 


(7) R. H. Daxirz: Rev. Mod. Phys., to be published (1961). For the purpose of our theoretical 
discussion here, we ignore the errors on the scattering lengths, eq. (2). They do not influence the 
qualitative features of our remarks. 


65 - Il Nuovo Cimento. 
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introduction of an effective range term to the K~-p analysis will give a larger value 
for the Y* binding energy than experiments would indicate (8). : 

Evaluating the right-hand side of (1) over an energy range corresponding to 
the full width (at half maximum), we have 


(3) Tee 


For a scalar coupling (*), this is to be regarded as quite substantial, comparable 
with (KAN) and (KEN) scalar couplings (°°) (Gi y/[4~ 0.7) (Y=A, 2). 

GeLL-MANN (1!) has proposed that the existence of non degenerate parity doublets 
(K', K), (Z', 2), (A’, A) will prove very useful concepts in weak interactions for 
the case of even (2, A) parity. If we make his identification of particles on the 
basis of equality of quantum numbers, 


Y*=Y"(I=1,J=}), EH K* L=4, Ke (K+ aan) Cle 


then A’=A* (I=0, J=}) — a particle or [=0 (xX) resonance yet to be discovered. 
It is interesting to note that SAKURAI (1%) also predicts the existence of a A* (as a 
bound state of the S-wave (K p) system) corresponding to a much greater binding 
energy than the Y*, because of the strong attraction in the J=C state (J= 3). In 
Fig. 1, we have plotted Im T,_, for solution (4 —) over an energy range up to 65 MeV. 
((#®)Q-value— 35 MeV) below the K.N° threshold. Even allowing that the 
strong cross-channel interactions K.V—7 (large b, in eq. (2)) in the [=O state 
may smooth out any structure for S-wave 7-Y scattering in this / spin state, the 
marked decline of Im 7,_, below the K--p threshold does not lend support that A* 
(or S-wave (rX)-resonance) exists above (7X) Q-value ~ 35 MeV — if it is derived 
from the S-wave K p system (14). 

The tighter binding in the Z=0 state is consistent with the existence of a A* 
below (xX) threshold; selection rules then forbid any strong decay of A* (A* +z+A 
is ruled out by I-spin conservation), though the electromagnetic decay A* > A+ y 
is possible. Purely heuristically, if we set the mass difference equal for the fermion 
doublets, then myx — Mmyx— mg + m,~1305 MeV (x- threshold ~1339 MeV). 

We would like to add that for (A, 2) parity odd, the doublet scheme breaks down, 
in particular (2, Y*) have the same parity. In terms of the bound state model, 
the lack of structure for Im T,, (KE parity even) again suggests little evidence 
for an 1—0 x-X(p}) resonance for the same energy range, though a A* below 7-X 
threshold remains a distinct possibility (14). 


(*) Private communication from Dr. G. Suaw. 

() Unlike parity determination, coupling constant estimates are relatively insensitive to the 
form of dispersion relation employed. The use of information from an essentially unsubtracted 
equation suffices for the purpose at hand. 

(2) P. T. MATTHEWS and A. SALAM: Phys. Rev., 110, 569 (1958). 

14 va Te fas 

(CENT, GELL-MANN: Proc. of the Conference on Strong Interactions (Berkeley, 1960). Also pri- 
vate communication. 

12 T à ne apy à: ‘ ste ‘ Ò "a i j e ; 

(**) The experimental status for K* is discussed for instance by M. H. ALSTON: Rev. Mod. 
Phys., to be published (1961). 

13 | rir . H . . 

(13) J. J. SAKURAT: private communication; see also Ann. Phys., 11, 1 (1960) 

14) For (KS) pari KAO TRO 3 SR à i 

(Ge) ( = ) parity odd (even), we cannot rule out the possibility of an J = 0 x-> Dy (Sy) res- 
onance at energies of the order of K~-p threshold. 


à sa However such resonances will have no relation 
to the S-wave K=-p bound state we discuss. 
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Experimentally such a A* should be seen from the associated production process 
m+p > K°+ A* for incident pion kinetic energy greater than 1.1 GeV (lab.), assuming 
that A* is substantially heavier than 2. If My+~ My we cannot exclude the pos- 
sibility that such events have been ambiguously identified with X° — which shares 
the same electromagnetic decay to A®+y; such A* events would have a marked 
effect on triangular inequalities (1°) for associated production. 

In the spirit of our theoretical discussion about Y*, the excited K* state (12) 
would appear as a pole term in the A-N dispersion relations, the much tighter 
binding energy involved here would preclude any attempt to simulate the effective 
range approach adopted for eq. (1). Such a «particle » would be scalar if considered 
as the parity doublet companion of the K-meson, and could be vector if it were 
an excited state in a composite model (16) or a «fundamental » (1—4, J=1) vector 
boson (17). It is interesting to note that dynamic calculations along the Mandelstam 
program for the (Kz) interaction have been unable to produce a S-wave resonance 
(the K*) irrespective of the presence or absence of strong pion-pion correlation, 
though the situation for the P-wave is uncertain (18). 

Coupling constants can be calculated from the observed widths for the decays 
Y*>A+7n (7~30 MeV) and K*—K+7x (1°) ("~30 MeV). These are 


Gin Giorn ne) ci Gira 
008 n= = 0.(2 (K* scalar) (59); 
AT Mis An( My»)? 47 47 


— 0.5 (K* vector). 


The calculations are made on the basis of the experimental width, and thus should 
be considered as upper limits should the experimental width be broader than the 
natural width. 

We should add that contributions from K* to low energy K.N° scattering can 
occur through intermediate state dia- 


grams like Fig. 2. The threshold K*+.N° Mx in 
for this intermediate state is some 390 MeV a K* yee 
above the K.N threshold in energy. Ina ------2== 


dispersion theoretic framework the contri- 
bution from such « distant singularities » 


— even if substantial, are unlikely to Je A; 

affect greatly the energy dependence of a 

simple scattering length analysis. The 

situation with long range pion forces from N N x 

the exchange of two and three pions Say, Fig. 2. — K* contribution in intermediate 
is less easy to assess. Current experimental state to K.N low energy scattering. 


(5) F. S. CRAWFORD, R. L. Douczas, M. L. Goon, G. R. KALBFLEISCH, M. L. STEVENSON 
and H. kK. TicHo: Phys. Rev. Lett., 3, 394 (1959). 

(5) For example the Sakata model of K as a AN bound state would permit an excited state 
which could be identified with the K*. S. Sakata: Progr. Theor. Phys., 16, 686 (1956). 

(7) M. GELL-MANN (private communication to S. GLASHOW). We wish to thank Dr. GLAsHOW 
for informing us of the recent work done at Cal. Tech. The model proposed however still requires 
(A, 2) parity to be even. 

(5) B. W. Len: private communication. 

(9) M. A. Baqi BEG and P. C. DE CELLES: Phys. Rev. Lett., 6, 145 (1961); 6, 428 (1961). 

(2°) This compares with f?/4a ~ 0.007 to 0.03 for the (KKz) interaction. See A. Pais: Phys. 
Rev., 112, 624 (1958). 
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evidence (21) is consistent with no (I=1, J=1) pion-pion resonance at the resonance 
energy t,~12m%, quoted earlier (??). Theoretical calculations on pion-nucleon scat- 
tering (23) however suggest that such a resonance can exist at a much higher pion- 
pion energy t, ~ 22.4mZ; in terms of the K-N picture (?) the dominant contribution 
from this resonance will occur below the x-A threshold and may again be expected 
to give relatively weak energy dependence to zero range theory. We are on less 
sure grounds if the [=C, J=1 three pion bound state &, (~ 2.3m,) should exist (1), 
this state can contribute to K-.N scattering at energies of the order of only 49 MeV 
below threshold. In fact Datrrz (4) has pointed out that some energy dependence 
for the parameters a,, b, are to be expected over and above phase space and centri- 
fugal considerations to account for the very small (Z/A),-, ratio at the Y* reso- 
nance (<10%). We feel that some understanding on a dynamic basis of the con- 
tribution from intermediate vector bosons in the J=1 and 1—0 (the «, particle?) 
channel may be necessary for a satisfactory clarification of energy dependence in 
low energy K-N scattering. 

Much attention has been given recently to global symmetry (**) concepts on 
the assumption that Y* is indeed J=1 and J=3. Global symmetry as we understand 
it today does not require K-meson interactions to be weak, in fact virtual K-mesons 
in intermediate states can be incorporated in a pion-baryon framework (2°). How- 
ever aside from possible experimental difficulties (1), such a model is unable to 
accommodate in a dynamic way, the real and nearby K-.N° channel, such as is pro- 
vided by effective range theory (*?) through simple considerations of unitarity 
and analyticity. 

In conclusion, we wish to emphasize the importance of a convincing determination 
for (2, A) relative parity from say the observation of correlations of polarizations 
in the process 2° A°+ (55). Theoretical models like global symmetry (**) or the 
«fundamental » vector boson theory (17) depend sensitively on the assumption that 
(A, X) parity is even, though the Sakurai theory (3) is apparently independent of 
this assumption. Whereas the effective range approach can be made more con- 
sistent with experimental observation for (£2/A),-j decay ratio for Y* on the 
assumption that (A, ©) parity is odd (8), the determination of the scattering length 
parameters will be to a certain degree ambiguous until such time as we have a 
reliable experimental estimate for the 2° and A° separation at pr=(150--2)0) MeV/e 
(lab.) above K~-p threshold (5). 


* * OK 


One of us (S.F.T.) would like to thank Professors M. GELL-MANN and J. J. Sa- 
KURAI for very helpful and stimulating discussions. 
We have received a manuscript from Professor M. GeLL-MANN after completion 
of this letter in which some of the points mentioned here are also discussed espe- 
cially the possible existence of a A* hyperon. cies 


21 7 ori ~ n 
ni a e of the Conference on Strong Interactions (Berkeley, 1960) 
‘) W. R. FRAZER and J. R. FuLco: Phys. R : Ve sE 
) 4 : : CO; ys. Rev., 117, 1603, 1609 96 See 3 3 
and D. Y. Won: Phys. Rev. Lett., 6, 29 (1961) i OE A 
(2?) S. C. FRAUTSCHI (private co EE 
EIT ë ‘ommunic « gee als OS PERLE à 
published (1961), mication); see also S. FUBINI: Rev. Mod. Phys., to be 
(ES) NE "D: RE 4 1 Ta ree CY 5 È 
ae ues 7 and C. N. YANG: Some considerations on global symmetry, to be published in the 
durer VO O4)- References to previous works are given in this article 
(°°) We would like to thank Professor A. PAIS for several helpful Me 


(*) N. BrERs and G H. BURKHARDT: Ss 28 TOS SNOW 
. . 2 : Phys. Rev 3 5 S D S 
Nuovo Cimento, 18, 195 (1960). Lys. Rev, 121, 231 (1961). J. SUCHER and G. A. Sx : 
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Note added in proof. 


The final scattering length solution for (a —) has settled (ef. reference (7)) to 
the following value: 


Ap 05) a 2-00 0.35) 
{a —) 
A, = — 0.85(+ 0.15) + <0.21(- 0.04), 


This yields a resonance in the J=1 channel, some (80+30) MeV below the 
K_-p threshold according to zero range theory, which is not in disagreement with 
the observed location of the Y* resonance. 
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A Note on the Final State Interaction in K.,. Decay. 


K. KAWARABAYASHI 


Department of Physics, University of Tokyo - Tokyo 


(ricevuto il 13 Marzo 1961) 


One of the possible explanations of the Kj, decay has been suggested by Goop 
and HoLLADAY (1) under the assumption that it decays through a strict AJ=3 
weak interaction, modified by radiative corrections, with an enhancement by a 
strong pion-pion interaction in the state of J=2 and J=0. According to their 
analysis, it is necessary to assume a», the scattering length of the pion-pion scat- 
tering in the state of I=2 and J=0, to be positive and of the order of one pion 
Compton wave-length, while their interaction radius is small and of the order 
of 1/2M, in order to obtain an enhancement factor of the desired order of mag- 
nitude (&1CC). 

Recent investigation of the energy spectrum of the + decay (?), however, seems 
to support a negative value of the scattering length ay. Moreover, if the strength 
of the interaction is estimated with a square well potential using the above scat- 
tering length and interaction radius, the potential depth V, is required to be of 
the order of 30 GeV, which seems too strong to accept. 

In this note, therefore, we estimate the final state interaction more  field- 
theoretically by making use of the technique of dispersion relations, which is some- 
what different from Watson’s treatment of the final state interaction (3) and 
suggest an alternative possibility for the explanation of the Kj, decay rate. 

The decay amplitude can be expressed as follows, 


Srp 


1 3 Il $ 
(1) Kata Kt) = —104(p — gt —@) | i ME) , (E = — p?), 
(22)8| |8po939 TORA 


where the four-momenta of the K-meson and the final two pions are denoted by p 
and q*, 9°, respectively. 


M. L. Goop and W. G. HOLLADAY: Phys. Rev. Lett., 4, 128 (1960). 


N. N. KHURI and S. B. TREIMAN: Phys. Rev., 119, 1115 (1960); R. HF. SAWYER and K. C. WALT: 
Phys. Rev., 119, 1429 (1960). 


CE) K. M. Watson: Phys. Rev., 88, 1163 (1952). 
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The invariant amplitude .#(£) can be proved to satisfy the following un-sub- 
tracted dispersion relation 


1 (ImAM(E) 

(2) ME) = | = = dé’. 
T } 5 
an? 


The proof of eq. (2) is done in essentially the same way as that in case of the 
analytic property of the pion-nucleon vertex part as a function of a nucleon mass (4). 
To calculate Im./(É), we adopt the usual assumption that the dominant con- 
tribution comes from the lowest mass configuration. Im,.#(£) is then approximated, 
taking into account the fact that.#(£) is induced by radiative corrections, as follows: 


ImM(E) = — (22)? (5 


re 
bo 
à 

N< 

i 
bo 


2q)? > Kat | fre [ND En | jr+ 109 04(p — p,) & 


n 


w exp [— id] sind W(é) + W(&), 


where the second term .W(£) is given by (Fig. 2) 


2 G $ 4190993 N ! ua Y= Ole 9 va 4/, I 0! & 
(4) N(E)=— (20)? (27)44 (290)? D'' Cat [je [tn > ya et [OM p— Gt! kx). 
P 
P 
' 
I 
/ ‘ ' i 
I Ù ae! 
' Hi i à 
DW 
/ 
/ \ / x 
A \ / 
/ N / x 
/ \ 
Ge ich /q* qo’ 
Fig. 1. — The contribution from two-pion state. Fig. 2. — The contribution from two-pion and 
Solid line represents K*-meson; broken lines one-photon state. Solid line represents K+-me- 
being pions. son; broken lines, pions and wavy line, photon. 


The first term represents the contribution from the two pion intermediate 
state (Fig. 1), 6 being the phase-shift of the pion-pion scattering in the state of 
1=2 inde 0; 


Inserting (3) into (2), we obtain the inhomogeneous integral equation of the 
Omnès-Muskhelishvili type. 


: 1 fexp[—4iô]sinô.#(£) _. 
(5) ME) = X(8) 4 [ ae ae’, 
T Shorts 
au? 


(4) A. BINCER: Phys. Rev., 118, 855 (1960). 
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where 
L eA ey 
r pe ef, gl 
(6) X($) a =| ae dé i 
au? 


The general solution of eq. (5) is given by (?) 


1 X(é') exp [+ id] sin d exp[— U(E)] , ., 
(7) ME) = X(E) arte] lei: ge 
au? 
where i 
note 
U(£) = - = 
(8) (0) le é) 
au? 


Here we have assumed no bound state in the state of /=2 and J—0 of the pion- 
pion scattering. (See the foot-note (5)). 

The solution (7) may be expressed in terms of the pion-pion scattering ampli- 
tude f..(£) in the state of J=2 and J=(, if we approximate the contribution from 
the left-hand cut of the amplitude with a properly chosen pole as is done by 
FRAZER and FuLco (°). Then 


(9) | exp LUC) = as 
where 


e 
E 
s 


, exp [id] sind, 


Irn(é) = |! 


is — 4 


— &,: position of the pole. 


Making use of eq. (9), the solution (7) is expressed in terms of f,,(€) as follows, 
(10) MIE) = X(£) [, a (6 sil | ay = Pe pi de 5 


The enhancement factor (E.F.) is given by 


nd ace No xe ea 
(11) E.F.=|14 —— D fin) | a VEE CEJN 
TA (MK) J(E + E) (E mg) E 
Ap? 


(@) R. OMNES: Nuovo Cimento, 8, 316 (1958). 
(5) W. R. FRAZER and J. R. Funco: Phys. Rev., 117, 1609 (1960). 
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The E.F. (11) can be evaluated if we assumed X(£) to be insensitive to its 
variable and set approximately constant and moreover k ctgd & 1/0». The result is 


mi 


(12) Da ww exp [id] cos 6 + — sl — exp [id] sin ò- 
mi Tila 


== log — es ee aloe 


VEE + du?) WAS + du? — VE, V m2(m* — 4u ) Mr + Vm? mi — Au? »f | 


J pe VE, + Au? + VE, ae PE Mg — Vi = - du? te 


1 Pa L si Ag J We VE, LE du? =i Ve So 


— —— — n — = -lo 0g i 
2 ; —= 
14 aso(tmk — pi?) 27 ly EolEo + 4°) VE, = 462 — VE, 


ue? Mg — x — Vmk — el 


i —— log - i E 
V mi (mi — 4u* ) Mr + SS — 4? 


Assuming, for example, lo 0.3, E.F. (12) turns out to be very small inde- 
pendently of the choice of &), .e., 


| 1.01 ...for attractive force (a,,>(), 


(13) E.F.< î 5 à 
| 1.C4 ... for repulsive force (a,,<()? 


This is because the first and the second term in the curly bracket in (12) have 
opposite signs. 

It will be noted that we have not yet explicitly used the selection rule in the 
weak interaction. In fact the effect of the selection rule is only included in the 
evaluation of X(É) in this approximation. 

From this treatment, we may expect that the enhancement factor alone is not 
sufficient for explaining the decay rate even if the final state interaction is attractive, 
though our estimation is based on the assumption that X(&) is insensitive to its 
variable. 

It is interesting to note that though the enhancement factor is not large, A(£) 
is expected to be much larger than the usual lowest order nucleon loop calculation 
with radiative corrections (7) for the following reasons: 


i) the threshold energy is small compared to the nucleon pair state; 


ii) two pions in the intermediate state are mainly in a P-state relative to 
their c.m. system and a possible P-wave resonance (*) may enhance the decay 
probability. This is seen in the following way. 


We see from (4) that .W(£), the imaginary part of X(&), consists of two terms; 
the one is the matrix element of the decay process K*-—>7*+7°+y, while the other 
is proportional to the matrix element of the double photo-pion production by the 


(7) C. Iso: unpublished; R. SUGANO: unpublished; M. Karo and G. TAKEDA: Suppl. Progr. 
Theor. Phys., no. 7 (1959). 
(8) G. F. CHEW and S. MANDELSTAM: Phys. Rev., 119, 467 (1960). 
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pion. The general form of the matrix element of the decay process K+ +rt+7°+y, 
is written according to gauge invariance, 


ata |jxt|0> = - 


Lee | ee | 
SISMI 
(14) = : dI 40 Ko 


M — f (ate) (4%) DE. (atk) (q’e) }F ; 


where e,, denotes the polarization vector and F is a function of the invariant scalars, 
pi, (qtq®) and (gtk). Expression (14) shows that two pions are in a P-state relative 
to each other if F is assumed to be insensitive to the variables. Note also that the 
magnitude of F is restricted due to the fact that this radiative decay process is 
rather rare in nature. But this does not necessarily imply the smallness of the 
contribution to X(é) because the «Q-value» is different from the actual decay 
process. In addition the double photo-pion production by the pion may be enhanced 
by a possible P-wave pion-pion resonance. In this sense, X(&) will be a possible 
candidate for the explanation of the K3 decay rate. 


* * * 


The author would like to express his gratitude to Prof. S. Nakamura for his 
reading the manuscript and helpful discussions. He is also indebted to the Iwanami- 
Fujukai Fellowship for his tinancial aid. 
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Some Remarks About the Photoproduction of Strange Particles. 


M. GOURDIN (*) 


Faculté des Sciences - Orsay 


l'aculté des Sciences - Bordeaux 


(ricevuto il 22 Marzo 1961) 


In a previous paper (!) we have sug- 
gested a model to calculate the asso- 
ciated production amplitude for strange 
particles by the reaction (**): 


(1) PN KEY. 


We essentially retain, in the three chan- 
nels, the contributions due to the Born 
terms and some other pole terms in 
order to simulate the x-K, x-Y and 
T-N° resonances. 

The same technique, with the same 
types of arguments can be retained for 
the photoproduction of strange particles: 


(2) VEN =KIT. 


Let us call S the square of the total 
energy in the c.m. system for the photo- 


(*) Postal address: Laboratoire de Phy- 
sique Théorique et Hautes Energies, B.P. 12, 
Orsay (Seine et Oise), France. 

(1) M. GouRDIN and M. RIMPAULT: Inves- 
tigations on the associated production of strange 
particles. PTB-6, Bordeaux, February 1961, to 
be published. 

(**) N is a nucleon with mass My; Ka 
K-meson with mass K, Y a hyperon A or & 
with mass My and x the pion with mass uw. 
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production channel. Because of the large 
anomalous cut in the complex plane of S, 
due to the large unphysical domain for 
processes (1) and (2): 


(My + p)?< S<(My+ KE), 


the use of dispersion relations and more 
precisely the determination of the spectral 
function from the S matrix unitarity 
condition seems to be hopeless. 

Several authors have considered the 
Born approximation for the strange par- 
ticle photoproduction, corresponding to 
the following diagrams (24). 


ry; ae 


N ‘4 


— Intermediate nucleon. 


Bigs 1. 


(?) M. KAWAGUCHI and M. MORAVCOSIK: 
Phys. Rev., 107, 563 (1957). 
(*) R. Capes: Phys. Rev., 114, 920 (1959). 
(4) B. D. MODANIEL, A. SILVERMAN, R. R. 
WILSON and G. CoRTELLESSA: Phys. Rev., 115, 
1039 (1959). 
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Fig. 2. — Intermediate K-meson. 
Y dA 
dd 
Al Fe 
N SK 
Fig. 3. — Intermediate hyperon. 


The values used, for the anomalous 
magnetic moments of A and Y particles, 
proceed, in general, from some theoret- 
ical speculations (5). Unfortunately, we 
have no experimental indications on these 
values and the situation is very confusing. 
On the other hand, a dispersion technique 
approach for the determination of the 
hyperon magnetic form factors is very 
difficult because the presence of an anom- 
alous threshold in the dispersion integrals 
for the X* integrals. 

If the outgoing hyperon is neutral, 
the intermediate hyperon of Fig. 3 can 
be a A° or a Y°. This introduces a 
=°A°~ vertex with an unknown tran- 
sition magnetic moment (34) one can 
take into account in a consistent treat- 
ment but, the experimental data on 
total and differential cross sections are 
so poor that one cannot 
cations on the K, A, X 
with these methods. 

By isolating, after extrapolation of 
the differential cross section, the photo- 


obtain indi- 
intrinsic parities 


(?) R. E. MARSHAK, S. OKUBO and E. C. G. 
SUDARSHAN: Phys. Rev., 106, 589 (1957). 


GOURDIN 


electric graph drawn in Fig. 2, MoRAv- 
csIk (®) tries to determine the KA rela- 
tive parity. In the present state of 
experimental results, it appears as very 
difficult to give any definite answer to 
this question. Nevertheless, one has an 
indication in favour of an odd K-A 
relative parity. 

The aim of this paper is to complete 
an elementary description of strange 
particles photoproduction by adding to 
the Born terms some contributions due 
to resonances. For Figs. 1 and 3, the 
situation is exactly the same as for the 
associated production amplitude. In par- 
ticular the Y* resonance corresponds, 
in the cos 6 complex plane (*) to a pole, 
in the unphysical region cos 0 > 1, but 
the resonance energy is sufficiently high 
(My+= 1380 MeV) and the width suffi- 
ciently small (7'= 20 MeV) to permit to 
consider the corresponding contribution 
as a correction to the Born term of Fig. 3 
and to neglect this in a first approach. 

For the Fig. 2, we have the possi- 
bility of an intermediate az state. If 
we call K' the observed resonance (7) 
we replace the cut corresponding to 
the aA intermediate state by a pole at 
the resonance energy. By comparing 
the two mKK’ and yKK’ vertices, it is 
easy to see that they can vanish by 
parity conservation. More precisely, the 
K' particle can give any contribution 
to the photoproduction amplitude, if 
the relative KK’ parity is even, e.g., if 
the resonant x-K. system is in an odd 


orbital angular momentum state, for 
instance a P state (8°). Isospin and 

(°) M: MoravosIK: Phys. Rev. Lett., 2, 
352 (1959). 


(*) We define as @ the c.m. angle in the 
photoproduction channel between the. ingoing 
photon and the outgoing hyperon. 

() M. L. Goon: Report at the 
Conference (1960). 

() M. GOURDIN, Y. NOIROT and PH. SALIN: 
Nuovo Cimento, 18, 651 (1960). B. W. LEE: 
Phys. Rev., 120, 325 (1960). 

(*) M. A. BaQr BÉG and P. C. DE CELLES: 
Phys. Rev. Lett., 6, 145 (1961). 


rochester 
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parity for the x-K resonance are not 
yet determined. 

Such a term gives rise, as the photo- 
electric term of Fig. 2, to a pole in the 
unphysical range of the cos 0 variable 
(cos? <—1) and its principal effect is 
a backward peaking of the hyperon 
distribution in the c.m. system. It is 
possible to isolate this possible K’ pole 
by considering K° photoproduction pro- 
cesses in which the photoelectric term 
cannot occur. The study of the angular 
distribution, for instance, in the reaction: 


(3) y+p>K°+=+, 


can give some indication for the existence 
of a P resonant state in x-K. scattering; 
another interest of reaction (3) resides 
in the fact that no transition magnetic 
moment occurs and we then have only 
two Born terms instead of four in the 
similar process: 


(4) y+tp—>Kt+°. 
At present, only photoproduction of 
K*-mesons has been experimentally 


studied and we have no information 
on the reaction (3). 

A test for the existence of a x-K 
resonance in a P state with isospin {=} 


is given by the reaction: 
(5) ytn—>K°+A9, 


one can, in principle deduce it from ex- 
periments with deuteron targets (1°) by 


Cen. Torkon: Rochester 


Conference (1960). 


Report at the 
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using impulse approximation. The cal- 
straightforward but the 
interpretation of experimental data, in 
absence of precise information about 
the y+p—KT+A° reaction is very 
difficult. 

We adopt, in conclusion, for the 
strange particles photoproduction the 
following model: 


culations are 


a) Born terms; 
b) Isobars for the z-.N resonances; 


c) the, Y* 
rection; 


resonance as a COor- 


d) the possibility of a -K reso- 
nance in a P state. 


The calculations are in progress. We 
consider the various combinations for 
the strange particles intrinsic parities 
as for the associated production problem. 
Some new parameters must be intro- 
duced to describe the coupling between 
the different isobars and the electro- 
magnetic field. The anomalous magnetic 
moments and the transition magnetic 
moment, are considered as parameters 
related, in principle, to other phenomena 
as for instance the Compton effect on 
hyperons. The coupling constants be- 
tween x-mesons, K-mesons and baryons 
are not experimentally well-known, one 
can affect an order of magnitude only 
for each possible coupling following the 
assumptions on intrinsic parities. 

It seems to be of greatest interest 
to have more precise and more complete 
data on total cross sections and angular 
distributions for the strange particle 
photoproduction processes. 
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Interferences Among Feynman Graphs of Different Topology |). 


E. R. CAIANIELLO and K. Y. SHEN 


Istituto di Fisica Teorica dell’ Università - Napoli 


(ricevuto il 19 Aprile 1961) 


1. — Whenever approximations are made with a theory that describes inter- 
actions of fermion fields — that is, when the graphs of a perturbative expansion 


which do not belong to some summable classes are dropped or, equivalently, the 
integral equations which become then the substitute for the exact theory are solved — 
the question arises whether the exclusion principle is being treated correctly. Anti- 
symmetrization of initial and final states does not clearly suffice because the whole 
dynamical evolution of the process, i.e. all that happens in the intermediate states, 
must violate that principle. 

We propose to show here that, even if all the graphs which characterize the 
chosen approximation procedure are duly antisymmetrized in all the intermediate 
states, this does not suffice in general to secure that the exclusion principle be 
rigorously respected (as it is in the exact solution). 

The reason is, as is shown in detail below, that a given graph, or partial sum 
of graphs, although usually regarded for computational purposes as a compact 
expression, is in fact a sum of contributions arising from all the individual modes 
of the free fermion fields; these contributions may be partly, or totally, cancelled 
by others that belong, in the graphical picture, to diagrams which are disregarded 
by the approximation chosen. 

We consider first the case of a fermion field wth only a finite number of free 
modes; the thing is then evident, because there is total cancellation of some graphs 
by others of different topology. This is, by the way, the ultimate reason why per- 
turbative expansions involving fermion fields are convergent under this assumption 
(with a finite space-time volume of intergration) (1). It will then be easy to see 
that, when the number of fermion modes is infinite, there still remain partial can- 


cellations among graphs of different topology, the more the higher the order of 
the term in the expansion. 


(*) Research reported in this document has been sponsored in part by the European Office 
of the A.R.D.C., United States Air Force, with Contract no. AF 61(052)-434. 


() E. R. CAIANIELLO: Nuovo Cimento, 3, 223 (1956); with A. BUCCAFURRI: Nuovo Cimento, 
8, 170 (1958). 
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In the light of this finding, some approximations (especially in questions con- 
cerning many-body physics) may turn out to be worse, others, e.g. the ladder 
approximation, better than it might be originally expected. 

With bosons the situation is of course entirely similar in principle, but the con- 
tributions reinforce rather than cancel one another. 


2. — It suffices to restrict our considerations to the simplest case, that of the 
vacuum-vacuum transition amplitude; they are then true a fortiori also for all 
other matrix elements, as it is evident if these are treated with the same method. 
We consider, for concreteness’ sake, electro- or meso-dynamics; it is however irre- 
levant to specify the objects with which our fermions interact, because the effect 
in which we are interested is caused solely by the intervention of the exclusion 
principle. 

It is convenient to use the perturbative expansion without time-ordering (?) 


4 1 : 3 

: e 4e e Ta o SOS 
(1) Meg = Yan fate [Aa Sr 3 6 Ea ; 

zo È 


n .. 
Ti Ta 


where, if the free fermion field contains # modes, the elements of the determinant 


be la E (cf. iets (5) WL, sini (13)) 
So don Bo 


F 
2 di Won (Py) V p(s) exp [4P;(E, — &)] (E,<&) > 
Zaha j=1 
(2) a 
TA —Y Ug.(0) Ox,(p;) exp [—iP,(&—- &)] (889). 
j=1 


Suppose first F—1 (only one mode for the particle, and the corresponding mode 
for the antiparticle). We can expand the fermionic determinant by the elements 
of the first two rows: 


fe i DIL (| 
seri Si 


2n Ci 


where p; is the parity of the combination C, of the indices 7; < i3; 13 < ...< i (a per- 
mutation of 1, 2...2n). If F is infinite, all terms for our (3) give non vanishing 


D 


graphs. With F—1 we divide the expansion (3) into two parts: 


(4) 


Because of (2) (F=1) and of the time sequence imposed by (1), we find now that 


(2) E. R. CAIANIELLO: 1) Nuovo Cimento, 10, 1634 (1953), Appendix; 2) 11. 492 (1954). 
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S E i . . . . 
all minors È a) with 2<i,<i, are identically vanishing: 
\Sî, Sia 
FAO, ESE | 
(3 Se | (EE) (EE) | y; 
5) ee e Mae 
Cata (Geta) Eri 


Consider, in particular, the case n=2, and neglect boson lines. The terms which 
vanish in (4) because of (5) (we disregard here additional possible cancellations, 
because they would not add to our proof reduce to 


E, È, Es &4 E, &, E E \£ £ ENEANETE 
(6) ~~ È = 3 [(3&1)&a&2) — (E362)Ea61)], 
S3 S4 S1 & Es 54 
0 is symmetric in both factors (similar facts 
5 i : 
i < are true in general); each of the two 
pieces at the r.h.s. vanishes of its own 
8, account; the first corresponds to the two 
graphs shown in Fig. 1, the second to other 
0 two graphs of similar structure. 
g ; 
3 We see thus that, because of the ex- 
clusion principle, for F=1, graphs con- 
ig) taining two 2-corner loops are cancelled by 
5 graphs containing one 4-corner loop. This 
tie, proves in full our assertion, for F=1. 


The argument runs entirely in the same 
manner for arbitrary, but finite #. It suffices to expand (3) by the minors of the 
first F rows (or columns): 


SI 


Le fo \ = = = Le 
an S1 cts Sp SFH1:-: Sop Sarti +++ San 
=  (—1)% + ..., 
E. £. 
os a Ë wees 


2n 


and again it follows, from (2) and (1), that all the terms of (7) which are explicitly 
written vanish identically. Total cancellation starts occurring with determinants 
of order 24 +2, due to the presence of antiparticles. 


3. When Y is infinite we cannot assert any more that some graphs are totally 
cancelled by others of different structure. It is evident, however, that as soon as 
the > in (2) run over the same value of an index in two lines in a minor in an 

I 
expansion of type (4) or (7), that minor will vanish. There are, thus, more and 
more cancellations among graphs of different topology as the order of the term 
increases. It would be easy to see that a minor such as 


ae e 
Se Da | (€1&;,)3, à (Ex Sini 
(8) S1 $2 Sy CS ? 
Si fa, Six Direi È i i 
| (Ey Si. ix (Ex eae 
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(2N < I’ <co), which gives rise at the r.h.s. to 1 * addends, has only | _|:-N! of them 
+0, because of (2) and (1). ; A 

In conclusion, we must reject the view that total antisymmetrization of graphs 
of special classes may suffice to ensure the validity of the exclusion principle: we 
have demonstrated that this principle requires cancellations among terms which 
belong to graphs of different topology. 


358 


19 66 — Il Nuovo Cimento. 


IL NUOVO CIMENTO 


VIOLINO ND 


1° Giugno 1961 


Reply to Dr. Shewell’s Criticism. 


J. S. LOMONT 


Departement of Mathematics, Polytechnic Institute of Brooklyn - Brooklyn 


Jak, ai 


Moses 


Department of Physics, Polytechnic Institute of Brooklyn - Brooklyn 


(ricevuto il 26 Aprile 1961) 


In his letter (1) Dr. SHEWELL has 
given what would appear to be a 
counterexample to a theorem of ours (2). 
In fact, however, his vector field f(q) 
is not a counterexample because it is 
not continuous, much less differentiable, 
on the positive <-axis. Hence it 
not satisfy the equation 


UXf =f; 


Nuovo Cimento, 20, 


does 


(DEIR 
1010 (1961). 

(*) J. S. Lomonr and H. E. Moses: Nuovo 
Cimento, 16, 96 (1960). 


SHEWELL: 


everywhere. A similar situation arises 
in ordinary vector calculus when one 
is not careful about singularities (3). 
For a more detailed discussion of our 
theorem see references (*) and (?). 


(3) Cf., e.9., I. N. SOKOLNIKOFF: Advanced 
Calculus, 1st. ed., Chap. 6 (New York, 1939). 

(*) J. S. LomonT and H. E. Moses: Comm. 
Pure and App. Math., 14, 69-76 (1961). 

(5) J. B. KELLER: Comm. Pure and App. 
Math., 14, 77-80 (1961). 


2354 


IL NUOVO CIMENTO MON OG IN GS) 1° Giugno 1961 


«-Particle Wave Functions and the Muon Capture in ‘He. 


A. BIETTI 


Scuola di Perfezionamento in Fisica dell’ Universita - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 12 Maggio 1961) 


1. — In his paper on the muon capture in 4He, PRIMAKOFP.(!), gives the fol- 
lowing formula for the total capture rate 4, calculated with the closure approx- 
imation: 


(1) APE) == 82272-A(l—= 1) SA 
where 
sa a £ 1) F(r,r')dr dr’. 
NT Nr r—r'| 
With 
Fir, r') = | | | | |@(r,, To, Pas Ta) |? 0(rit rg +r3+ rs)ô(r —r;)ô(r —r;)dr.dr,dr,dr,, 


r; are the co-ordinates relative to the nucleus c.m.; is the space function of the 
a-particle, <v» is the emitted neutrino energy in the closure approximation. Prt- 
MAKOFF gives for ‘He a value €v»/m,—0.75. Z is a ratio involving the coupling 
constants (formula (6b) of Primakoff’s paper), including the virtual pion effects 
such as the pseudoscalar term and the weak magnetism term. With all these con- 
tributions Primakoff gives # = 1.06 (2). 


2. For the integral J PRIMAKOFF quotes a value of 0.80. The aim of this short 
note, is a calculation of I with different variational wave functions for 4He, in order 
to show the dependence of the results on the wave funetions with their variational 


(1) H. PRIMAKOFF: Rev. Mod. Phys., 31, 802 (1959). 

(2) With Primakoff's data on the coupling constants, omitting the pseudoscalar term only 
one has Z = 1.22; omitting the weak magnetism term only one has #2 0.91; omitting both 
terms one has Z = 1.07. 
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parameters; particularly when these parameters are fitted in order to obtain the 
correct r.m.s. radius of the x-particle. Only S wave funetions have been considered. 


As first wave function was taken a Gaussian 


(2) D VN exp [ = CDI A 3 with Tai 


tj 
i>j 


From this function one obtains for I (3) 


D 
(3) TE =) | a à 


As a second step, we have considered the Irving’s wave function (4) 


exp [45 #1] 
VAR ae 
( >> ris) 


i>j 


(4) 


with n=0 and n=}. 
For n—0 one has 


16 \5 
can ù 


(9) Je 


ro 
| 
ea 
= 
[er] 
+ 
w 
A 


‘ for n=1 
and for n= 


— 
(ex) 
= 


16 È 

Jk, = — |: 
Hi + sere) 

The r.m.s. radius calculated from the wave functions is <r2>=9/64« for the (2); 
<r?) =45/320? for the (4) with n=0, and <r?)=9/8a2 for the (4) with n=1. Now we 
can introduce for <r?> the values given from the high energy Hofstadter’s electron 
scattering experiments (5): 4/(72>=1.61-10-'8 cm, and, if corrected from the charge 
distribution of the proton y/<r>)=1.41-10-!8 em. In this way one obtains for the 
first value of the radius (1.61-10-13): 7,=0.830, I,=0.833, I3=0.834; and for the 
second one (1.41-10-18); I, =0.867, I,=0.869, I,=0.869. 

It is also possible to adjust the variational parameter « in order to obtain the 
correct binding energy of the x-particle, but this procedure gives results not very 
much reliable, because the binding energy does not depend in a simple manner 
on %, as is the case of the r.m.s. radius, but the dependence is complicated from 
nuclear parameters such as well depth, range, ete. 

For instance, with the function (2), a value x=0.0789-1025 em? gives a binding 
energy of about 27 MeV (5), and one has I,=0.88; and a value «=1.134-1013 cm! 
for the Irving’s function (3) with n=0, consistent with the binding energy (5), 
gives I,=0.92. 


3 ‘ mn y pos rae j 1 
An analogous result was obtained by L. Proasso and S. Rosatr: private communication, 


J. IRVING: Phil. Mag., 42, 338 (1951); Proc. Phys. Soc., A 66, 17 (1953). 
R. HOFSTADTER: Ann. Rev. Nucl. Sci., 1, (QI (LIST): 
Be 


(8) 
(4) 
(°) 
(5) H. BRANSDEN, A. C. DOUGLAS and Il. H. RoBERTSON: Phil. Mag., 2, 1911 (1957). 
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3. — From these calculations one obtains an interesting result: A with a 
variational parameter adjusted to fit the r.m.s. radius 1.61:10-18 em, shows a dif- 
ference between Aj, A}? and AŸ not more than about 2.5%; and with /<ry= 
—1.41:10-!8 em a difference not more than about 2%. On the other hand, the 
difference between the capture rates with the two different values of the radius 
is of the order of 24%. For this reason it could be interesting to perform an experi- 
ment, for instance in a Helium bubble chamber, measuring A“. With this experi- 
ment it might be possible: a) to obtain a value for the r.m.s. radius which could 
be compared with those of Hofstadter’s experiments; b) assuming the Hofstadter’s 
radius as a reliable value, for instance 1.41-10-1% em, which is also consistent with 
photodisintegration experiments (7), to search any variations of the ratio A. 


* OK Ok 


I wish to thank Prof. M. Cini for his helpful advice in these calculations. 


(7) M. Q. Barron and J. H. SMITH: Phys. Rev., 110, 1143 (1958). 
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Recensioni. 

N. N. BoGoLIOUBOv et D. V. CHIR- Nel secondo capitolo è discussa la 
KOV — Introduction à la théorie quantizzazione de campi liberi; essa 


quantique des champs. Ed. Dunod, 
?aris, pp. 616; NF 69. 


viene affrontata usando un metodo assai 
diretto ed elegante che permette di con- 
servare ad ogni stadio l’invarianza rela- 


Il volume di Bogolioubov e Chirkov  tivistica. 


è una esposizione completa ed esauriente 
della teoria quantistica dei campi. 

Il libro è diviso in 9 capitoli: il primo 
capitolo è dedicato alla teoria classica 
e mette in particolare rilievo quelle pro- 
prietà che saranno utili per lo studio 
della seconda quantizzazione. 


Il terzo capitolo discute il calcolo 
della matrice S di diffusione. Il metodo 
usato, dovuto originalmente a Stuckel- 
berger, è di grande interesse perchè 
permette di evitare l’uso della rappre- 
sentazione d’interazione. Esso mostra 
che la deduzione della matrice S può 
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essere fatta usando solo le condizioni 
di invarianza, di causalità e di unitarietà. 

I capitoli quarto e quinto descrivono 
le ben note difficoltà degli integrali diver- 
genti nelle teorie dei 
campi ed i metodi di rinormalizzazione 
usati per trattare tali difficoltà. 

Il sesto e il settimo capitolo sono 
dedicati ai metodi di Tomonaga, Schwin- 
ger ed a quello dell’approssimazione 
funzionale e l’ottavo tratta del gruppo 
di rimormalizzazione. 


che compaiono 


Finalmente nell’ultimo capitolo, sono 
esposti con estrema chiarezza e rigore 
matematico i principi essenziali dei me- 
todi di prolungamento analitico al cui 
sviluppo gli autori hanno dato contributi 
di grande importanza. 

In conclusione il libro di Bogolioubov 
e Chirkov rappresenta l’esposizione più 
completa ed aggiornata della teoria quan- 
tistica dei campi. 
esempio il settimo, l’ottavo ed alcune 
parti del. nono, richiedono dal lettore 
una notevole preparazione matematica 
e possono essere saltati in una prima 
lettura. 


Alcuni capitoli, ad 


S. FUBINI 


Proceedings of the International Con- 
ference on Nuclear Structure, King- 
ston, Canada. Edited by D. A. 
BROMLEY and E. W. Voet. Uni- 
versity of Toronto Press, Toronto 
and North Holland Publishing 
Company, Amsterdam, 1960; pp. 
990, $ 60.00. 


Questo sommario di lavori presen- 
tati alla conferenza di Kingston costi- 
sulle inte- 
razioni fondamentali fra le particelle e 
sulla struttura dei nuclei. Vi è raccolta 
una quantità veramente eccezionale di 
dati sperimentali e vi discusse 
molte nuove idee. Scorrendo le sue 
pagine si può notare che i modelli 
nucleari fondamentali hanno ora rag- 
giunto un grado di evoluzione notevole, 


tuisce un vasto panorama 


sono 
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più intimamente compresi nelle loro 
basi e perfezionati nella veste 
matematica. 

L'interesse dei fisici nucleari, come 
traspare da queste letture, è ora accen- 
trato su essenziali. La 
prima è discussa, tra gli altri, da R. E. 
PRIERES' ve da ©D. HH.) WILKINSON: 
secondo tali autori si può sperare che 
i calcoli sulla materia nucleare permet- 
tono di chiarire la composizione della 
forza elementare nucleone-nucleone. La 
seconda questione, anch'essa di notevole 
interesse, è la determinazione della ~ 
consistenza interna e delle basi teoriche 
dei modelli. 

Per quanto riguarda il confronto 
tra predizioni dei modelli e dati speri- 
mentali, l'accordo deve essere conside- 
rato « sorprendentemente buono », anche 
se, logicamente, può parlare 
in tutti 1 casi di un accordo perfetto 
dal punto di vista quantitativo. 

Una nota decisamente positiva può 
essere ritrovata nelle parole poste da 
W. P. Lewis, presidente della confe- 
renza, nella prefazione: 

« Si è riscontrata una nuova tendenza. 
Vi sono nuovi sforzi tendenti ad analiz- 
zare il nucleo nelle sue misteriose distor- 
sioni transienti, quelle che avvengono 
immediatamente prima della fissione, 
durante Vintimo contatto temporaneo 
con un secondo nucleo e negli stadii 
immediatamente seguenti 
diretta tra nucleoni. » 

Il testo è 


loro 


due questioni 


non si 


l'interazione 


diviso in dieci capitoli, 


ognuno dedicato ad un problema fon- 
damentale. Riportiamo di seguito i 


titoli originali di alcuni di essi, poichè 
nulla potrà dare un panorama 
fedele degli argomenti trattati. 


più 


— Open problems in nuclear structure. 

— Physical fundations of nuclear models. 

— Gross properties of nuclear matter. 
Nuclear reaction mechanisms. 

— Properties of individual levels. 

— Statistics of nuclear levels and giant 
dipole resonances. 

— Fission. 
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Nella prima sessione, dedicata alla 
discussione di problemi basilari ancora 
aperti, sono state tenute due relazioni. 
La prima di PererLs, ha un carattere 
contiene una 

ragioni che 


puramente discorsivo e 
vivace discussione sulle 
spingono ancora oggi ad approfondire 
lo studio della dei nuclei. La 
seconda, di WILKINSON, è strettamente 
tecnica e racchiude una gran massa di 
suggerimenti per i teorici e per gli 
sperimentali su svariati problemi, come 
la struttura dei nuclei leggeri, la costi- 
tuzione della superficie nucleare, l'as- 
sorbimento di mesoni K~, ecc. . 

La parte dedicata ai modelli nucleari 
contiene, tra le altre, relazioni di BRUECK- 
ner, BLock e Dr SHALIT. Quest'ultima 
è stata dedicata alla discussione dei 
«tests» di consistenza dei modelli. Per 
riassumere tale relazione si può dire 
che vi è una buona evidenza che i 
nuclei possono essere approssimati da 


fisica 


strati di particelle indipendenti con 
deboli interazioni residue, o almeno 


da strati di « quasi-particelle ». Non si 
sa se le interazioni residue possono essere 
espresse in termini di semplici funzioni 
delle coordinate delle « quasi-particelle », 
ma è molto probabile che nel subspazio 
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di un piccolo numero di orbite i suoi 
effetti possano essere simulati da sem- 
plici interazioni, ad esempio da forze è. 
Inoltre è molto probabile che si possano 
attribuire alle « quasi-particelle » indi- 
pendenti una carica ed un momento 
intrinseco effettivo in modo da deseri- 
vere le proprietà elettromagnetiche dei 
nuclei. 

Da notare la 
e di SAXON Sui 


relazione di BROWN 
fondamenti del mo- 
dello ottico e sulle interazioni diret- 
te, la relazione di ZUCKER sulle rea- 
zioni nucleari indotte da ioni pesanti 
e la relazione di BARTHOLOMEW dedicata 
ad un’analisi comparativa degli schemi 
di livelli ottenuti mediante reazioni 
(n, y). Ricordiamo, inoltre, le ultime 
varianti apportate da A. S. Davypov 
al suo noto modello nucleare, che con- 
tribuiscono a rinfocolare la vecchia 
polemica con la scuola di Copenaghen 
sulla esistenza di deformazioni nucleari 
a simmetria non assiale. Citeremo, infine, 
la relazione di PEIERLS sulle risonanze 
giganti di dipolo, che ora si possono 
comprese, e l’efficace 
F. WRISSKOPF che 


considerare ben 
sommario di V. 
chiude la rassegna. 


D. PROSPERI 


RISERVATA 


Tipografia Compositori - Bologna 


Questo Fascicolo è stato licenziato dai torchi il 29-V-1961 


2360 


